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Abstract. For a sequence of spaces XN , with topological, al-
gebraic, or measure-theoretic structures, we show how a large-N
limit X∞ with corresponding structures is obtained. For example,
when each space is a topological group GN , such as GN = U(N), a
limiting group G∞ with topology results. Using the Weil-Kodaira
construction, for compact topological groups GN equipped with
normalized Haar measures, we obtain a topological structure on
G∞ that also makes the group operations continuous. When each
GN is a Lie group we decribe a Lie algebra associated to G∞.

1. Introduction

Many physical and mathematical theories involve a numerical param-
eter N and it is of interest to investigate what happens as N goes to
infinity. In some cases there is a legitimate limiting object at N = ∞,
or sometimes more than one candidate for such a limit. In physics,
problems in statistical mechanics and some problems in quantum me-
chanics involve the study of the large-N behavior of a system and,
when meaningful, determination of the large-N limit. In the context of
statistical mechanics the N = ∞ theory is usually thought of as ther-
modynamics, such as in the case of classical gases. Much of classical
probability theory, for example in the context of central limit theo-
rems, is about the limiting behavior of discrete probabilistic models.
In random matrix theory one studies the behavior of N ×N matrices
of different types with random entries. In some of these theories the
N = ∞ limit can be described using free probability theory, based on
operator algebras, rather than classical probability theory.

The constructions we use are the ultraproducts [14] from model theory
in logic. An extensive discussion close in spirit to our approach is in
Tao’s blog post [22]. We will describe all concepts and results needed
from this subject in a self-contained manner so that no knowledge of
model theory will be needed to understand this paper. There is also
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considerable overlap with nonstandard analysis (NSA), the theory of
infinities and infinitesimals developed by Robinson [20]. However, our
objectives are different, in that we are interested in a limit of spaces
rather than of points. This is not entirely novel and has been used by
Alam [1], for example, in the context of the limiting behavior of the

surface measure on the sphere SN−1(
√
N) at N = ∞. (See also Tao

[22].) In this paper we consider a general setting, where there is no
relationship specified between the different spaces or structures, but
in many applications there would be such relationships and in those
contexts more specific results would be of interest.

1.1. Summary of content. We denote by N the set of natural num-
bers {1, 2, 3, . . .}. Let (ΩN ,FN ,PN)N∈N be a sequence of probability
measure spaces.

(1) Section 2 describes the construction of a limit space X∞ from
a given sequence of spaces Xn. This construction yields a limit
space that carries algebraic and topological structures from the
spaces Xn; for example, if each Xn is a group then so is X∞.
Such limits are studied at an abstract level in mathematical
logic and are called ultraproducts [4, 10].

(2) In Section 3 we describe the notion of standard part, a funda-
mental idea in NSA. Briefly, if a point xN ∈ X∞ arising from a
sequence (xN)N∈N converges to a point x then x is the standard
part of xN; however, even when (xN)N∈N is not convergent there
is, under some conditions, a point st(xN) that can be associated
to xN that carries meaningful information.

(3) In Section 4 we construct a limiting measure space (S∞,F∞, Lµ∞)
from any given sequence of finite measure spaces (SN ,FN , µN),
using the method of Loeb [16] adapted to our setting, and
prove a limiting formula. Specializing to probability spaces
(ΩN ,FN ,PN) yields a limiting probability space (Ω∞,F∞, LP∞)
that corresponds to the conceptual notion of a large-N limit for
the sequence. An element of Ω∞ is a sequence (xN)N∈N, with
each xN ∈ ΩN , with two sequences identified when they agree in
‘most’ components, where the notion of ‘most’ will be specified.
If fN : ΩN → R, for N ∈ N, is a uniformly bounded sequence of
measurable functions, then there is a function f∞ on Ω∞ that
encodes the large-N behavior of (fN)N∈N. We explore condi-
tions that ensure that

lim
N→∞

∫
ΩN

fN dPN =

∫
Ω∞

st(f∞) dLP∞ (1.1)
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holds. In section 4.5 we apply this method to obtain Gaussian
measures for infinite dimensional separable real Hilbert spaces.

(4) Section 6 is devoted to sequences of topological groups. Special-
izing the general construction of the limiting structure measure
Lµ∞ to the special case where each µN is Haar measure on a
compact group GN yields an invariant measure, the Haar-Loeb
measure, on the limiting group G∞.

(5) In section 7 we give an extensive account of the construction of
a topology, which we call the Weil-Kodaira (WK) topology, on
G∞ that arises from results of Kodaira [15] and Weil [23]. The
main result is that the group operations are continuous with
respect to the WK topology.

(6) In Section 8 we apply the limiting construction to the case of Lie
groups and obtain an infinite-dimensional Lie algebra associated
to the limiting group.

2. The Extensions ∗S, ∗G, and G∞

In the constructions we will be studying, the large-N behavior of
a sequence (xN)N∈N is an object xN that encodes the nature of the
sequence in the long run. This means, for example, that even if a
very large but finite number of entries of the sequence are changed, the
large-N behavior is not. However, xN is not any traditional limit of the
sequence. Indeed, the concept extends to sequences of arbitrary sets
or spaces, not just points in any given space, and it is this extended
notion that we will focus on for much of our discussion. Thus, we will
construct the N = ∞ object that may be associated to a sequence of
measure spaces (XN ,FN , µN) and, as an example, a group G∞ that
encodes the large-N behavior of a sequence of groups (GN)N∈N.

2.1. Specifying ‘most’. Two sequences (xn)n∈N and (yn)n∈N are said
to be eventually equal if xn = yn for all n beyond a certain value (thus,
for all n in some cofinite subset of N). This idea can be refined to a
notion of two sequences agreeing ‘almost everywhere’ or, briefly, mostly.
To this end, we fix, once and for all, a collection U of subsets of N that
we think of as specifying a notion of ‘most’. The requirement is that
U be a maximal collection having the following properties:

(i) U contains all cofinite sets;
(ii) if A,B ∈ U then A ∩B ∈ U ;

(iii) if A ∈ U and A ⊂ B ⊂ N then B ∈ U ;
(iv) U does not contain ∅.
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An argument [3, section 1.1.1] using Zorn’s Lemma shows the existence
of U . Moreover, the maximality condition can be used to show that

for A ⊂ N either A ∈ U or Ac ∈ U . (2.1)

If a property holds for all n in some set in U then we will say that it
holds for most n. Thus, sequences (xn)n∈N and (yn)n∈N that are even-
tually equal are equal on most values of n, but there can be sequences
that are mostly equal without being eventually equal.

Sets such as U are called non-principal ultrafilters. (The general
ultrafilter satisfies (ii)-(iv).) The origins of the theory of filters and
ultrafilters are in the works of H. Cartan [6, 7] and earlier work of
Tarski (see Table 2 in [5]). There is a large literature on ultrafilters,
and every result we discuss below has been discovered and proved in
the literature (in [21] to mention just one early example) likely several
times independently.

Lemma 2.1. Let U be as above. If A ∪ B ∈ U , where A,B ⊂ N, then
A or B is in U . In particular, if K1, . . . , Km are disjoint sets whose
union is N then Kj ∈ U for exactly one value of j.

Proof. Recall that for any subset of N, either it or its complement is
in U , and the intersection of any two sets in U is in U . So Ac ∩ Bc =
(A ∪ B)c is not in U and so at least one of Ac or Bc must not be in
U . Thus at least one of A or B is in U . The second statement follows
by induction and by observing that, by properties (ii) and (iv), two
disjoint sets cannot both be in U . □

2.2. Construction of ∗S and S∞. For any set S we denote by ∗S the
set of all sequences (xn)n∈N in S, with two sequences identified if they
agree on most n. Thus

∗S = SN/ ≃U , (2.2)

where SN is the set of all sequences in S and ≃U is the equivalence
relation for which (xn) ≃U (yn) if the set {n ∈ N : xn = yn} is in U .

The equivalence class of a constant sequence (x, x, x, . . .), with x ∈ S,
will be denoted ∗x. In this way, we have an injection

S → ∗S : x 7→ ∗x, (2.3)

and we thus view ∗S as an extension of S, called a non-standard ex-
tension of S. In the special case where S is finite, the map (2.3) is a
bijection and identifies S with ∗S.

Though its construction depends on the choice of U , the properties
of ∗S of interest to us are independent of the specific choice.



LARGE-N LIMITS OF SPACES AND STRUCTURES 5

For a sequence of sets S1, S2, . . . we denote by S∞ the following quo-
tient set:

S∞ =
∏
n∈N

Sn/ ≃U , (2.4)

where, again, two sequences are considered equivalent if they agree in
most places. If each Sn is equal to the same set S then S∞ is the same
as ∗S.

The structure (2.4) is called ultraproduct, a term that seems to have
been first introduced by Frayne, Scott and Tarski [9, 10], who credit
the idea to earlier work of  Loś [18].

We use the notation

xN = (xn)n∈N,U , (2.5)

for the equivalence class of the sequence x = (xn)n∈N. (Technically, we
are thinking of the subscript N in xN as the “hyperfinite number” given
by the sequence n 7→ n.) Thus

S∞ =

{
xN : x ∈

∏
j∈N

Sj

}
. (2.6)

Let us note the distinction between the set S∞ and the equivalence
class of sequences of sets given by

SN = (Sn)n∈N,U . (2.7)

To indicate the relationship between S∞ and (Sn)n∈N we may some-
times write S∞ as

S∞ = jU(Sn)n∈N.

2.3. Basic examples. An element of ∗N arises from a sequence of
natural numbers. For example, the identity sequence (1, 2, 3, . . .) gives
rise to an element

N = (n)n∈N,U .

Similarly, ∗R is the set of all xN = (xn)n∈N,U ; when the sequence (xn)n∈N
is bounded, we say that xN is finite.

2.4. Extension of functions and operations. If f : S → Y is a
mapping then we obtain naturally a mapping

∗f : ∗S → ∗Y : (xn)n∈N,U 7→
(
f(xn)

)
n∈N,U . (2.8)

Viewing sequences as functions defined on N, what we have denoted
by xN earlier is in fact ∗xN (that is, the function ∗x evaluated at N),
where N is the element (n)n∈N,U ∈ ∗N.
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More generally, for a sequence of maps fn : Sn → Yn, with n running
over N, there is a well-defined map

f∞ : S∞ → Y∞ : (xn)n∈N,U 7→
(
fn(xn)

)
n∈N,U . (2.9)

This mapping is determined by the equivalence class of the sequence
of maps (fn)n∈N.

Now let (SN)N∈N be a sequence of sets, each equipped with a binary
operation

SN × SN → SN : (a, b) 7→ ab.

Then, using property (ii) of U , this operation extends to an operation

S∞ × S∞ → S∞ : (x, y) 7→ xy, (2.10)

where, with x = xN and y = yN, we define

xy = (xnyn)n∈N,U . (2.11)

The operation is associative/commutative if the original operation is
for most N . If eN is the identity element for the operation in SN for
most N then then e = (eN)N∈N,U is the identity element in S∞. Finally,
if (xn)n∈N ∈ SN is such that x−1

n exists for most n then xN = (xn)n∈N,U
is invertible, with

x−1
N = (x−1

n )n∈N,U , (2.12)

where we can simply put in an arbitrary entry on the right if x−1
n does

not exist.

When each SN is the same algebraic structure S, the procedure de-
scribed above transfers algebraic operations from S to the set ∗S.

2.5. The limit group G∞ of groups and the extended group ∗G.
Let GN be a group for each N ∈ N. Then the operation given by (2.11)
makes G∞ into a group. In particular, if G is a group then we have
the extended group ∗G. We can also understand G∞ as a traditional
quotient group. To this end, consider

E = {(xN)N∈N ∈
∏
N∈N

GN : xN = e for most N}. (2.13)

It is readily checked, using the defining properties of U , that E is a
normal subgroup of

∏
N∈NGN . Recall that elements x = (xn)n∈N, y =

(yn)n∈N ∈
∏

N∈N GN are ≃U -equivalent means that xn = yn for most n,
and this is equivalent to xy−1 ∈ E. Thus

G∞ =
∏
N∈N

GN/ ≃U=
∏
N∈N

GN/E, (2.14)

where the last expression on the right is the usual quotient group.
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2.6. Internal sets. By an internal set we shall mean a set of the form
S∞, where (Sn)n∈N is a sequence of sets, all subsets of some given
universe Ω of interest: S∞ consists of all sequences (xn)n∈N,U with
xn ∈ Sn for all n ∈ N. (This is a very special case of the general notion
of an internal set, discussed for example in [20, 3]). Recall that, as
always, we are operating with a fixed ultrafilter U , and S∞ is the set
of all xN, where (xn)n∈N runs over all sequences for which xn ∈ Sn for
most n, with two sequences identified if they agree in most components.

Lemma 2.2. Finite unions, finite intersections, complements, and dif-
ferences of internal sets are internal. Let (An)n∈N and (Bn)n∈N be se-
quences of subsets of Ω. Then:

(i) the complement Ac
∞ is the internal set that arises from the se-

quence (Ac
n)n∈N;

(ii) the union A∞∪B∞ is the internal set associated to the sequence
(An ∪Bn)n∈N ;

(iii) the intersection A∞ ∩ B∞ is the internal set associated to the
sequence (An ∩Bn)n∈N;

(iv) A∞ −B∞ is associated to the sequence (An −Bn)n∈N;
(v) if B∞ ⊂ A∞ then Bn ⊂ An for most n.

(vi) if A∞ = B∞ then An = Bn for most n.

Proof. A point xN lies in Ac
∞ if and only if the set NA = {n ∈ N : xn ∈

An} does not belong to U , which is equivalent to Nc
A ∈ U , which is the

same as {n ∈ N : xn ∈ Ac
n} ∈ U . Thus Ac

∞ is the internal set associated
to the sequence (Ac

n)n∈N. This proves (i).

A sequence x = (xn)n∈N corresponds to a point xN in D∞ if the set

ND
def
= {n ∈ N : xn ∈ Dn} is in U . Let

Cn = An ∪Bn.

The relations

NC = {n ∈ N : xn ∈ An ∪Bn} = {n ∈ N : xn ∈ An} ∪ {n ∈ N : xn ∈ Bn}
= NA ∪ NB

(2.15)

imply, using Lemma 2.1, that NC is in U if and only if at least one of
NA and NB is in U . Thus xN ∈ C∞ if and only if xN ∈ A∞ or xN ∈ B∞.
This proves (ii). The proof of (iii) is analogous.

Combining the results for finite intersections and complements we
obtain (iv).
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By (i) and (iii), the set B∞ ∩ Ac
∞ arises from the sequence (Bn ∩

Ac
n)n∈N. If {n ∈ N : Bn ⊂ An} is not in U then Bn ̸⊂ An for most n, and

so Bn∩Ac
n = ∅ for most n, which, by (i) and (iii), implies B∞∩Ac

∞ ̸= ∅.
Taking the contrapositive, we see that if B∞ ⊂ A∞ then Bn ⊂ An for
most n. This proves (v). Finally, (vi) follows immediately. □

A simple consequence of Lemma 2.2 concerns the subset relation
among internal sets, and a more involved one about disjoint internal
sets.

Lemma 2.3. Suppose A1
∞, A2

∞, . . . is a sequence of disjoint internal
sets. Then A1

∞ = D1
∞, A2

∞ = D2
∞, . . ., where the sets Dk

n are such that,
for each fixed n ∈ N, the sets D1

n, D
2
n, . . . are disjoint.

Proof. Let D1
n = A1

n and Dk
n = Ak

n − (A1
n ∪ . . . ∪ Ak−1

n ) for all k ≥ 2.
Then, by Lemma 2.2 (i) and (ii),

Dk
∞ = Ak

∞ − (A1
∞ ∪ . . . ∪ Ak−1

∞ ), (2.16)

and the right side here is equal to Ak
∞, by the disjointness hypothesis.

□

Next we record another observation about internal sets.

Lemma 2.4. If A1, A2, . . . are disjoint internal sets whose union is
internal then Ak ∪ Ak+1 ∪ . . . is internal for every k ∈ N.

Proof. By Lemma 2.2 (ii) A1 ∪ . . . ∪ Ak−1 is an internal set. So if
A1 ∪A2 ∪ . . . then by Lemma 2.2(i) the difference ∪j≥1Aj −∪k−1

j=1A
j is

also internal. Thus Ak ∪ Ak+1 ∪ . . . is internal. □

The following very important result, which will be used in the study
of measures in section 4, is a consequence of the well-known saturation
principle in non-standard analysis [3, section 2.1.2].

Theorem 2.5. If the union of a countable collection of disjoint internal
sets is internal then all but finitely many of these sets is empty.

Proof. Let A1, A2, . . . be disjoint non-empty internal sets, with Ak aris-
ing as Ak

∞ from a sequence of sets (Ak
n)n∈N. We will arrive at a con-

tradiction by using a Cantor diagonal type argument to produce an
element in ∪k≥1A

k that is not in any of the sets Ak. Since Ak ̸= ∅, we
may assume without loss of generality that Ak

n ̸= ∅ for all n ∈ N. Let
Bk = Ak ∪ Ak+1 ∪ . . . for all k ∈ N. Then by Lemma 2.3 each Bk is
internal and B1 ⊃ B2 ⊃ . . .. Moreover, Bk arises from the sequence of
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sets whose n-th term Bk
n is Ak

n ∪ Ak+1
n ∪ . . .. Now consider a sequence

(yn)n∈N constructed by choosing y1 ∈ B1
1 , y2 ∈ B2

2 , and so on with the
n-th term yn picked from Bn

n . Then the n-th term of (yn)n∈N is in Bk
n,

for all k ≤ n, and so yN = (yn)n∈N,U is in Bk for all k ∈ N. But the
intersection ∩k≥1B

k is empty because of the way each Bk is defined as
a union of disjoint sets Ak ∪ . . ., for any point in the intersection would
have to be outside each Ak and yet in B1. □

3. Standard parts

The notion of standard part is very useful in connecting non-standard
analysis to standard analysis. As with much else in non-standard anal-
ysis, this concept was introduced by Robinson [20, Chapters III, IV].
Intuitively, the standard part of a non-standard point xN ∈ ∗X is the
point in the space X closest to most xn. In case the sequence (xn)n∈N
actually has a limit then that limit is the standard part of (xn)n∈N,U .
We review these concepts and results in this section for use later. For
more on standard parts we refer to [3, section 2.1].

Let X be a set equipped with a Hausdorff topology T . For any
x = (xn)n∈N,U ∈ ∗X there can be at most one p ∈ X with the property
that, for every neighborhood U of p, we have xn ∈ U for most n. If
such a p exists we call it the standard part of x, and we say that p is a
nearstandard point of X. We use the notation

st(x) = the standard part of x. (3.1)

We work now withing the space X. For A ⊂ X, we denote by ∗A the
set of all points in ∗X given by sequences (yn) for which yn ∈ A for
most n. Thus to say that p ∈ X is the standard part of y ∈ ∗X means
that y ∈ ∗U for every neighborhood U of p.

Proposition 3.1. If X is a Hausdorff space and K ⊂ X is compact
then every y ∈ ∗K has a standard part and, moreover, st(y) ∈ K. In
particular, if X is compact and Hausdorff then all points of ∗X are
nearstandard.

Proof. Suppose that y = (yn)n∈N,U ∈ ∗X and no point in K is the
standard part of y. Then each p ∈ K has a neighborhood Up such that
y /∈ ∗Up, which means that yn /∈ Up for most n. By compactness, there
is a finite set of points, p1, . . . , pn ∈ K, for which the sets Upi cover K.
But for most n the point yn is not in any of the sets Upi . Consequently,
y /∈ ∗K. Thus, taking the contrapositive, if y ∈ ∗K then some point in
K is the standard part of y. □
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Next we consider functions on a measurable space. For integration
we need to consider functions with values in the extended real line

R = R ∪ {−∞,∞},
with the topology being generated by the open sets of R along with
the intervals (a,∞] and [−∞, b) for all a, b ∈ R. Then ∗R is the set of
all (yn)n∈N,U where each yn is in ∗R.

Proposition 3.2. Let (Xn,Fn)n∈N be a sequence of measurable spaces,
and fn : Xn → R a measurable function for each n ∈ N. Let F∞
be the σ-algebra of subsets of X∞ generated by all sets of the form
A∞, arising from sequences (An)n∈N,U with An ∈ Fn for each n. Then

st(f∞) : X∞ → R is F∞-measurable.

Proof. Let C = [a, b] ⊂ R; then

C = ∩k≥1Vk = ∩k≥1Vk, (3.2)

where Vk = (a − 1/k, b + 1/k). Consider a point y = (yn)n∈N,U whose
standard part is in C. Then, for each k, Vk is an open set containing
st(y) and so yn ∈ Vk for most n, and so y ∈ ∗Vk. Thus

st−1(C) ⊂ ∩k≥1
∗Vk. (3.3)

If x = (xn)n∈N is such that xn ∈ Vk for most n then st(x) ∈ Vk

(otherwise most xn would lie in the open set Vk
c
); so

∗Vk ⊂ st−1(Vk). (3.4)

Consequently,

st−1(C) ⊂ ∩k≥1
∗Vk ⊂ ∩k≥1st

−1(Vk) = st−1
(
∩k≥1Vk

)
. (3.5)

By (3.2) it follows then that

st−1(C) = ∩k≥1
∗Vk. (3.6)

Now returning to f∞ : X∞ → ∗R, we have

(st ◦ f∞)−1(C) = ∩k≥1f
−1
∞ (∗Vk). (3.7)

The set f−1
∞ (∗Vk) consists of all points xN = (xn)n∈N,U for which fn(xn) ∈

Vk for most n:

f−1
∞ (∗Vk) =

(
f−1
n (Vk)

)
n∈N,U , (3.8)

which is in F∞. Then by (3.7) it follows that (st ◦ f∞)−1(C) is in
F∞. Since this holds for all closed intervals C = [a, b] in R, and these
generated the Borel σ-algebra of R, we conclude that st ◦ f−1

∞ (E) is in
F∞ for all Borel subsets E of R. □
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We note a few basic properties of the standard part on ∗R. Let
a = (an)n∈N,U and b = (bn)n∈N,U be elements of ∗R. We define

ab
def
= (anbn)n∈N,U , (3.9)

and if an + bn is defined for most n then we define

a + b
def
= (an + bn)n∈N,U . (3.10)

Lemma 3.3. Let a = (an)n∈N,U and b = (bn)n∈N,U be elements of ∗R.

(1) If st(a) and st(b) are finite then

st(ab) = st(a)st(b) (3.11)

(2) If st(a) + st(b) is defined then an + bn is defined for most n and

st(a + b) = st(a) + st(b). (3.12)

(3) If an ≤ bn for most n then

st(a) ≤ st(b). (3.13)

(4) For any t ∈ R,
st (aN ∧ t)N∈N,U = t ∧ st(a). (3.14)

Proof. We check (4). The sets {N ∈ N : aN < t} and {N ∈ N : aN ≥ t}
are disjoint and their union is N; hence exactly one of them is in U . If
aN < t for most N then st(a) ≤ t and (3.14) holds, with both sides
being equal to st(a). If aN ≥ t for most N then st(a) ≥ t and (3.14)
holds with both sides being equal to t. □

The following is a basic characterization of continuity of functions
in terms of standard parts; this is the analog (and generalization) of
the description of continuity of a function in terms of commuting the
function with limits of sequences.

Proposition 3.4. Let f : Y → Z be a mapping between Hausdorff
spaces. If f is continuous at a point y ∈ Y then

st
(∗f(yN)

)
= f(y) (3.15)

for all points yN = (yn)n∈N,U ∈ ∗Y for which st(yN) = y. Conversely,
if Y has a countable local base at each point and (3.15) holds for all
yN = (yn)n∈N,U ∈ ∗Y for which st(yN) = y then f is continuous at y.

Proof. Suppose that f is continuous at y. Let W be a neighborhood
of f(y) in Z, and the sequence (yn) is such that st(yN) = y. Then
f−1(W ) is a neighborhood of y in Y and so yn ∈ f−1(W ) for most n,
which implies that f(yn) ∈ W for most n. Thus every neighborhood of
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f(y) contains f(yn) for most n. This means that f(y) is the standard
part of ∗f(yN).

For the converse, we choose a sequence of neighborhoods U1 ⊃ U2 ⊃
. . . such that every neighborhood of y contains some Un. Let W be
a neighborhood of f(y); we have to show that f−1(W ) contains some
Un. If f−1(W ) does not contain any Un then there is a sequence of
points yn ∈ Un for which f(yn) /∈ W ; but st(yN) = y because every
neighborhood of y contains some Uk and hence yk, and f(yn) lies outside
W for all n, which implies that f(y) cannot be the standard part of
∗f(yN). This would contradict (3.15); hence f is continuous at y. □

As an example of the preceding result, consider the case where each
Y = R, Z = C, and f(t) = ezt for all t ∈ R, for some fixed z ∈ C.
Then we have

st(ezx) = ez st(x) (3.16)

for all x ∈ ∗R that is finite.

4. A Loeb measure in the Large-N Limit

In this section we study integration on limits spaces. The results
include limit theorems for integration and a form of Fubini’s theorem.

Consider a sequence of measure spaces (SN ,FN , µN)N∈N. Let F0
∞ be

the set of all internal subsets A∞ of S∞; thus these are the sets that
arise from sequences (AN)N∈N with AN ∈ FN for each N ∈ N. By
Lemma 2.2, F0

∞ is closed under finite unions and complements, and,
of course, contains ∅; thus it is an algebra of sets. For A∞ arising from
(AN)N∈N ∈

∏
N∈N FN we define

∗µ∞(A∞) = (µN(AN))N∈N,U ∈ ∗R, (4.1)

and

Lµ∞(A∞) = st
(∗µ∞(A∞)

)
. (4.2)

By Lemma 2.2(vi), A∞ determines the sequence (AN)N∈N ∈
∏

N∈N up
to U -equivalence, and so the right sides in (4.1) and (4.2) are deter-
mined by A∞ and the measures µN .

In view of the saturation result Theorem 2.5, Lµ∞ is countably ad-
ditive on the algebra F0

∞. Hence, by the Carathéodory extension the-
orem, it has an extension to a measure, which we denoted again by
Lµ∞, on the sigma-algebra

F∞
def
= σ(F0

∞) generated by F0
∞. (4.3)
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The extension is unique if, for example, each µN is a probability mea-
sure. This is Loeb measure [17] for our context of sequences of measure
spaces.

Loeb measure is generally used for a single measure space, but Alam
[2] has used Loeb measure on a space arising from sequences of spheres.

Any set F∞ can be approximated arbitrarily closely in measure by
a set in the algebra F0

∞ (see (7.38)), in the sense that for any A ∈ F∞
and any real number ϵ > 0 there is a set Aϵ ∈ F0

∞ for which

Lµ∞(A∆Aϵ) < ϵ.

It follows then that every F∞-measurable bounded function can be
approximated in sup-norm by an F0

∞-measurable simple functions, and
so the the F0

∞-measurable functions in Lp(Lµ∞) form a dense subspace,
for all p ∈ [1,∞]. Thus if h ∈ L∞(Ω∞,F∞, LP∞) and ϵ > 0 is a
positive real number then there is a uniformly bounded sequence of
FN -measurable (fN)N∈N functions fN on ΩN such that

|h− st(f∞)|sup < ϵ (4.4)

4.1. Examples. Consider the special case where all the measure spaces
(SN ,FN , µN) are the same space (S,F , µ). Then Lµ∞ is a measure on
(∗S,F∞), where F∞ is the σ-algebra generated by all sets of the form
{xN : xn ∈ An for most n}, with (An)n∈N running over all sequences of
sets in F .

Continuing with the case considered in the preceding paragraph,
suppose each SN is R, equipped with Lebesgue measure λ on the Borel
σ-algebra B. Then for any Borel set A ⊂ R we have

Lλ∞(A) = st
(
λ(A)

)
n∈N,U .

Next consider the interval [N,N + 1], where N = (1, 2, 3, . . .)U and
N + 1 = (2, 3, 4, . . .)U :

[N,N + 1] = {(xn)n∈N,U : n ≤ xn ≤ n + 1}.

Then

Lλ∞[N,N + 1] = st (λ[n, n + 1])n∈N,U = 1. (4.5)

As another example, let SN = {1, . . . , N}, with uniform probability
measure PN on FN , the σ-algebra of all subsets of SN . Then S∞ consists
of all equivalence classes of sequences (xn)n∈N, with xn ∈ {1, . . . , n} for
each n. A function of interest on S∞ is F∞, arising from the sequence
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of functions Fn : Sn → [0, 1] given by

Fn(k) =
k

n
, for all k ∈ {1, . . . , n}.

By Proposition 3.2, st ◦ F∞ : S∞ → [0, 1] is measurable when S∞ is
equipped with the σ-algebra F∞. If a, b ∈ [0, 1] with a < b, let

νn(a, b) = Pn ◦ F−1
n (a, b) =

1

n

n∑
j=1

1(a,b)(j/n).

This differs from b− a by at most 2/n, and so it converges to b− a as
n → ∞. Thus

LP∞ ◦ st−1(a, b) = b− a,

and so LP∞ ◦ st−1 is Lebesgue measure on [0, 1]. This gives the non-
standard analysis view of Lebesgue measure as arising from a limit of
normalized counting measures of points in [0, 1].

A detailed study of a large number of examples of construction of
traditional measures from Loeb-type measures is given in [3].

4.2. Results on LP∞-integration.

4.3. ss:resint. We turn now to establishing some basic results for in-
tegration.

Theorem 4.1. Let (ΩN ,FN ,PN) be a probability space for each N ∈ N.
Then there is a σ-algebra F∞ of subsets of Ω∞ and a probability measure
LP∞ on F∞ such that

lim
N→∞

∫
ΩN

fN dPN =

∫
Ω∞

st(f∞) dLP∞, (4.6)

for every uniformly bounded sequence (fN)N∈N of random variables fN :
ΩN → R on (ΩN ,FN), for which the limit on the left in (4.6) exists,
with f∞ : Ω∞ → ∗R as defined in (2.9). More generally, whether the
limit exists or not,

st

(∫
ΩN

fN dPN

)
N∈N,U

=

∫
Ω∞

st(f∞) dLP∞, (4.7)

In the proof, especially in (4.12), we will use the standard practice of
identifying p ∈ R with the point in ∗R given by the constant sequence
(p, p, p, . . .); this gives the usual identification of R with a subset of ∗R.
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Proof. We assume, without loss of generality, that all the functions fN
have values in [0, 1). Thus, let fN : ΩN → [0, 1) be FN -measurable, for
every N ∈ N. For each N ∈ N and n ∈ N let

sN,n =
2n∑
j=1

j − 1

2n
1AN,j

, (4.8)

where

AN,j = f−1
N

[
j − 1

2n
,
j

2n

)
. (4.9)

These sets, for each fixed N , are FN -measurable and disjoint, and their
union is ΩN . Then sN,n is FN -measurable and

0 ≤ fN − sN,n < 2−n. (4.10)

Consider any x = (xN)N∈N ∈
∏

N∈N ΩN . For each N , there is exactly
one j ∈ {1, . . . , 2n} for which xN ∈ AN,j. Then the sets Kj = {N ∈ N :
xN ∈ AN,j} are disjoint for different values of j, and their union is all
of N. By Lemma 2.1 it follows that there is a unique jx ∈ {1, . . . , 2n}
for which Kj is in U ; this means that xN ∈ AN,jx for most N . Then

s∞,n(xN) = (sN,n(xN))N∈N,U

= the sequence all of whose terms equal jx−1
2n

.
(4.11)

Thus we can write s∞,n as

s∞,n =
2n∑
j=1

j − 1

2n
1A∞,j

, (4.12)

where

A∞,j =

{
xN : (xN)N∈N ∈

∏
N∈N

AN,j

}
, (4.13)

for all j ∈ {1, . . . , 2n}. This set is in F0
∞, and so the simple function

st(s∞,n) =
2n∑
j=1

j − 1

2n
1A∞,j

(4.14)

on Ω∞ is F∞-measurable.

From (4.10) we have

0 ≤ f∞ − s∞,n < 2−n, (4.15)

pointwise on Ω∞ and componentwise. Consequently,

0 ≤ st(f∞) − st(s∞,n) ≤ 2−n. (4.16)
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Hence

0 ≤
∫
Ω∞

st(f∞) dLP∞ −
∫
Ω∞

st(s∞,n) dLP∞ ≤ 2−n. (4.17)

From the definition of LP∞ in (4.2), and using linearity of the integral
and of the standard part, we have∫

st(s∞,n) dLP∞ =
2n∑
j=1

j − 1

2n
LP∞(A∞,j)

=
2n∑
j=1

j − 1

2n
st
(
PN(AN,j)

)
N∈N,U

= st

(∫
ΩN

sN,n dPN

)
N∈N,U

(4.18)

Using (4.10) we have

0 ≤
∫
ΩN

fN dPN −
∫
ΩN

sN,n dPN < 2−n. (4.19)

It follows then that

0 ≤ st

(∫
ΩN

fN dPN

)
N∈N,U

− st

(∫
ΩN

sN,n dPN

)
N∈N,U

≤ 2−n. (4.20)

Combining the inequalities (4.17) and (4.20), and using (4.18), we ob-
tain ∣∣∣∣∣

∫
Ω∞

st(f∞) dLP∞ − st

(∫
ΩN

fN dPN

)
N∈N,U

∣∣∣∣∣ ≤ 2−n. (4.21)

This proves (4.7). In the special case when

lim
N→∞

∫
ΩN

fN dPN

exists, this limit coincides with the standard part on the left in (4.6)
and so proves (4.6). □

Specializing the theorem to the case where each probability space
(ΩN ,FN ,PN) is the same space, and then allowing a scaling in the
measure we obtain the following consequence.

Corollary 4.2. Let (Y,B, ν) be a finite measure space. Then there is
a σ-algebra ∗F of subsets of ∗Y and a finite measure Lν on ∗F such
that

lim
N→∞

∫
Y

fN dν =

∫
∗Y

st(f∞) dLν, (4.22)
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for every uniformly bounded sequence (fN)N∈N of measurable functions
fN : Y → C for which the limit on the left in (4.6) exists. More
generally, whether the limit exists or not,

st

(∫
Y

fN dν

)
N∈N,U

=

∫
∗Y

st(f∞) dLν. (4.23)

Lastly, if f is a bounded measurable function on Y then∫
Y

f dν =

∫
∗Y

st(∗f) dLν, (4.24)

where ∗f : ∗Y → ∗C is defined in (2.8).

Proof. If ν = 0 the result holds trivially. If ν(Y ) is finite and positive
then we can normalize and assume that ν is a probability measure.
Then the result is a special case of Theorem 4.1 on observing that
Ω∞ = ∗Y and f∞ = ∗f when all the spaces ΩN are the same space
Y . □

We formulate the counterpart of Fatou’s Lemma in this framework
in the following corollary.

Corollary 4.3. Let (ΩN ,FN ,PN) be a probability space for each N ∈
N. Let hN be a measurable function on ΩN , for each N , with values in
[0,∞]. Then∫

Ω∞

st(h∞) dLP∞ ≤ st

(∫
ΩN

hN dPN

)
N∈N,U

. (4.25)

Proof. For fixed k ∈ N, let gN = hN ∧ k; then by the theorem,∫
Ω∞

st(g∞) dLP∞ = st

(∫
ΩN

gN dLPN

)
N∈N,U

≤ st

(∫
ΩN

hN dLPN

)
N∈N,U

,

(4.26)

the last inequality holding because gN ≤ hN for each N . By (3.14), we
have

st(g∞) = st(h∞) ∧ k. (4.27)

Hence ∫
Ω∞

st(h∞) ∧ k dLP∞ ≤ st

(∫
ΩN

hN dLPN

)
N∈N,U

. (4.28)

Letting k ↑ ∞ and using the standard Fatou’s Lemma yields the in-
equality (4.25). □
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Theorem 4.1 extends to a uniformly integrable sequence of functions.

Corollary 4.4. Let (ΩN ,FN ,PN) be a probability space for each N ∈
N. Let fN : ΩN → R be a measurable function for each N , and suppose
that for any ϵ > 0 there is a t > 0 such that∫

ΩN

|fN |1{|fN |>t} dPN < ϵ (4.29)

for all N ∈ N. Then

st

(∫
ΩN

fN dPN

)
N∈N,U

=

∫
Ω∞

st(f∞) dLP∞, (4.30)

this common value being finite.

A basic observation in uniform integrability is that if, for some real
number p ∈ [1,∞), the sequence (fN)N∈N is bounded in the Lp(µN)-
norms:

sup
N∈N

||f ||p < ∞,

then the condition (4.29) holds, because∫
ΩN

|fN |1{|fN |>t} dPN <
1

tp
||f ||p. (4.31)

Proof. Let ϵ and t be as in (4.29). The sequence(∫
ΩN

fN dPN

)
N∈N

(4.32)

differs from the sequence(∫
ΩN

fN1{|fN |≤t} dPN

)
N∈N

(4.33)

in each component by < ϵ. The sequence (4.33) is bounded and so has
finite standard part. Hence the first sequence also has finite standard
part and this standard part differs from the standard part of the second
sequence also by ≤ ϵ. By Theorem 4.1, the standard part of (4.33) is∫

Ω∞

st
(
fN1{|fN |≤t}

)
N∈N,U dLP∞. (4.34)

The integrand is st(f∞)1|f∞|≤∗t.

Replacing t by any real number T > t, we have:∣∣∣∣∣st
(∫

fN dPN

)
N∈N,U

−
∫

st(f∞)1{|st(f∞)|≤T} dLP∞

∣∣∣∣∣ ≤ ϵ. (4.35)
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By Fatou’s Lemma in the form of Corollary 4.3 we have∫
Ω∞

st(|f∞|) dLP∞ ≤ st

(∫
|fN | dPN

)
N∈N,U

≤ ϵ + t, (4.36)

where we used the uniform integrability condition (4.29). In particular,
st(|f∞|) is integrable and so there is a real number t′ > 0 such that∫

Ω∞

st(|f∞|)1{|st(f∞)|>t′} dLP∞ ≤ ϵ. (4.37)

Now let

T = t + t′.

Then by (4.35), st
(∫

fN dPN

)
N∈N,U differs from∫

st(f∞|)1{|st(f∞)|≤T} dLP∞

by ≤ ϵ and the above integral differs from∫
st(f∞) dLP∞

also by ≤ ϵ. Thus∣∣∣∣∣st
(∫

fN dPN

)
N∈N,U

−
∫

st(f∞) dLP∞

∣∣∣∣∣ ≤ 2ϵ. (4.38)

Since ϵ > 0 is arbitrary the left side is 0. □

4.4. Radon-Nikodym Derivatives. Let (ΩN ,FN ,PN) be a proba-
bility space for each N ∈ N, and suppose QN is a measure on FN ,
absolutely continuous with respect to PN , such that

sup
N∈N

QN(ΩN) < ∞. (4.39)

Let

ϕN =
dQN

dPN

. (4.40)

Then, by the remark after the statement of Corollary 4.4, this corollary
is applicable to the sequence of functions 1AN

phiN , for any sequence of
sets AN ∈ FN . Hence

Q∞(A∞) =

∫
A∞

st(ϕ∞) dLP∞, (4.41)
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for all A∞ ∈ F0
∞. Two finite measures that agree on an algebra agree

on the σ-algebra generated by the algebra (this follows, for example,
by the Dynkin π − λ theorem); hence:

Q∞(A) =

∫
A

st(ϕ∞) dLP∞ (4.42)

for all A ∈ F . Hence:

dQ∞

dP∞
= st

(
dQN

dPN

)
N∈N,U

(4.43)

4.5. Gaussian measure for separable Hilbert spaces. As an ex-
ample, we can construct Gaussian measure for a separable infinite-
dimensional real Hilbert space H. Let

H1 ⊂ H2 ⊂ . . .

be finite-dimensional subspaces whose union is dense in H. For each
h ∈ H we have the function h∗

N on HN given by

h∗
N(x) = ⟨h, x⟩ for all x ∈ HN .

Let µN be standard Gaussian measure on HN . Then on H∞ we have
the probability measure Lµ∞ and∫

H∞

eit st(h
∗
∞) dLµ∞ = st

(∫
HN

eith
∗
N dµN

)
N∈N,U

= st
(
e−t2||hN ||2/2

)
N∈N,U

= e−t2||h||2/2

(4.44)

for all t ∈ R. Thus we have the real vector space H∞, equipped with
a probability measure Lµ∞, and for each h ∈ H we have a random
variable I(h) = st(h∗

∞) on H∞ that is Gaussian with mean 0 and
variance ||h||2. We note that although H∞ is a real vector space it
does not inherit a natural Hilbert space structure from the spaces HN .
There are several other constructions of Gaussian measure in infinite
dimensions, such as the method of abstract Wiener spaces.

4.6. Pushforward measures. Let (XN ,FN ,PN) be a probability space
and fN : XN → YN a mapping into a non-empty set YN , for each
N ∈ N. Let GN be the σ-algebra of subsets A ⊂ YN for which f−1

N (AN)
is in FN , and QN = (fN)∗PN the probability measure on GN given by

QN(AN) = PN

(
f−1
N (AN)

)
. (4.45)
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Then from the definition (4.2) we have

LQ∞(A∞) = st
(
PN

(
f−1
N (AN)

))
N∈N,U

= LP∞
(
f−1
∞ (A∞)

)
,

(4.46)

where the last equality follows from the observation

f−1
∞ (A∞) =

(
f−1
N (AN)

)
N∈N,U . (4.47)

In (4.46) we have two finite measures, LQ∞ and LP∞ ◦ f−1
∞ , that agree

on the algebra F0
∞; hence they agree on the generated σ-algebra F∞:

LQ∞(A) == LP∞
(
f−1
∞ (A)

)
(4.48)

for all A ∈ F∞. Thus

LQ∞ = (f∞)∗LP∞. (4.49)

4.7. Iterated integrals. Next we turn to an iterated integral.

Proposition 4.5. Let (XN ,FN ,PN) be a probability space for each N ∈
N, and Y a compact Hausdorff space equipped with a Borel measure
ν. Let fN ∈ L1(XN ,PN) for each N ∈ N, uniformly bounded, and
ϕ : C× Y → C a bounded continuous function. Let

ΦN(y) =

∫
XN

ϕ
(
fN(xN), y

)
dPN(xN). (4.50)

Then

st

(∫
Y

ΦN(y) dν(y)

)
N∈N,U

=

∫
X∞

[∫
Y

ϕ (st ◦ f∞(x), y) dν(y)

]
dLP∞(x).

(4.51)

We note that (4.50) can be rewritten as

ΦN(y) =

∫
CN

ϕ
(
wN , y

)
d((fN)∗PN)(wN), (4.52)

and so the result can be read in terms of the case where each XN is C
and fN(xN) is just xN .

Proof. Let
gN(x, y) = ϕ

(
fN(x), y

)
.

Then gN is a bounded (uniformly in N) measurable function on XN×Y .
By Proposition 3.4, we have

st (gN(xN , yN))N∈N,U = ϕ
(
stf∞(xN), st yN

)
= st (ϕ (st f∞(xN), yN))N∈N,U

(4.53)
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Then

st

(∫
XN

[∫
ϕ
(
fN(x), y

)
dν(y)

]
dPN(x)

)
N∈N,U

= st

(∫
XN

[∫
ϕ
(
fN(xN), yN

)
dν(yN)

]
dPN(xN)

)
N∈N,U

=

∫
X∞

st

(∫
ϕ
(
fN(xN), yN

)
dν(yN)

)
N∈N,U

dLP∞(xN)

=

∫
X∞

[∫
∗Y

st
(
ϕ
(
fN(xN), yN

))
N∈N,U dLν(yN)

]
dLP∞(xN)

(by Theorem 4.1)

=

∫
X∞

∫
∗Y

ϕ (stf∞(xN), st(yN)) dLν(yN) dLP∞(x)

(by (4.53))

=

∫
X∞

(∫
∗Y

st (ϕ (stf∞(xN), yN)))N∈N,U dLν(yN)

)
dLP∞(x)

(by (4.53))

=

∫
X∞

∫
Y

ϕ (stf∞(xN), y)) dν(y) dLP∞(xN),

(4.54)

where the last step uses Proposition 3.4 and (4.22). □

5. Extensions of Topological Spaces

In this section we construct a limiting topological space (X∞, T∞)
from a sequence of topological spaces (XN , TN)N∈N. In the case where
all the spaces are the same this corresponds to the Q-topology of Robin-
son [20, Chapter IV, Chapter VIII].

5.1. The topology T∞. Let Xn be a set equipped with a topology Tn,
for each n ∈ N. Let T 0

∞ be the set of all subsets of X∞ of the form U∞
where U∞ arises from (Un)n∈N with each Un ∈ Tn. Then, by Lemma
2.3 (iii), T 0

∞ is closed under finite intersections, and every point of X∞
is in some set in T∞. (Moreover, the union of two sets in T 0

∞ is also
in T 0

∞.) Thus T 0
∞ specifies the basis of a topology on X∞, which we

denote by T∞.

If each Tn is a Hausdorff topology then so is T∞.
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The topology T∞ is contained in the quotient topology on

X∞ =
∏
n∈N

Xn/ ≃U (5.1)

arising from the box-product topology on
∏

n∈N Xn, whose basis con-
sists of all sets of the form

∏
n∈N Un with each Un being open in Xn.

Let q :
∏

n∈N Xn → X∞ be the quotient map. Then

q−1 (U∞) = q−1

(
q

(∏
n∈N

Un

))
, (5.2)

and this is the union of box-product open sets. Hence U∞ is in the
quotient topology, and so T∞ is contained inside the quotient topology
on X∞. On the other hand, if W is open in the quotient topology on X∞
then q−1(W ), being open in the box-product topology on

∏
n∈N Xn, is

the union of box products of open sets; projecting down by q we recover
W as a union of sets of the form q

(∏
n∈N Un

)
, with each Un being open

in S. Thus every set in the quotient topology is of the form U∞, and
so the quotient topology is contained in T∞. Putting all this together,
we see that T∞ is the quotient topology on X∞ arising from the box
product topology on

∏
n∈N Xn.

5.2. The S-topology on ∗X. Consider now the case where (XN , TN) =
(X, T ), the same space for all N . Then in addition to the topology T∞,
there is the S-topology, whose basis is the set of all subsets of the form
∗V , with V running over all open subsets of X. This topology need
not be Hausdorff.

5.3. Continuity of f∞ and ∗f . A continuous function between topo-
logical spaces extends to a continuous function between the non-standard
extensions of the two spaces.

Proposition 5.1. Let X and Y be topological spaces and f : X → Y
a continuous map. Then ∗f : ∗X → ∗Y is continuous both with respect
to the S-topology and the Q-topology. If fn : Xn → Yn is a continuous
map between topological spaces for each n ∈ N then f∞ : X∞ → Y∞ is
continuous.

Proof. It will suffice to show that f∞
−1 pulls back any basis set of the

form (Vn)n∈N,U in the topology of Y∞ to an open set in X∞. Now
f−1
∞ ((Vn)n∈N,U) is the set of all (xn)n∈N,U ∈ X∞ for which fn(xn) ∈ Vn

for most n. Thus,

f−1
∞ ((Vn)n∈N,U) = (Un)n∈N,U ,
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where Un = f−1
n (Vn) is open in X. Thus f∞ is Q-continuous. Now

suppose all Xn are the same space X, and each fn is the function
f : X → Y . In this case, f∞ = ∗f and we have Q-continuity of ∗f ;
moreover, taking each Vn to be the same open set V in Y we obtain
S-continuity of ∗f as well. □

Proposition 5.2. Let X be a Hausdorff space and Y is a Hausdorff
space that is also regular (each neighborhood V of a point contains
a neighborhood W of the point with closure contained inside V ). If
f : X → Y is continuous and st ◦ f∞(x) exists for all x ∈ X, then
st(f∞) : X∞ → Y is continuous, when X∞ is equipped with the topology
T∞. In particular, if X is a compact Hausdorff space, the mapping
st : ∗X → X is continuous with respect to the topology T∞ on ∗X.

Proof. Let fn : Xn → Y be continuous such that stf∞(x) is defined for
all x ∈ X∞. Now let p = (pn)n∈N,U ∈ X∞ and V a neighborhood of
q = st

(
f∞(p)

)
∈ V . Let W be a neighborhood of q whose closure is

contained inside V . Then fn(pn) ∈ W for most n. Let Un = f−1
n (W ),

and U∞ the Q-open set arising from the sequence (U1, U2, . . .). Let
x = (xn)U ∈ U∞; then xn ∈ Un for most n and so fn(xn) ∈ W for most
n. Hence f∞ maps every point of U∞ into W , and so st ◦ f∞ maps U∞
into W ⊂ V . Specializing to the case X = Y , and f the identity map,
we obtain the final statement in the Proposition. □

In the following result we specialize to the case where all the spaces
Xn are the same, but we consider a function ∗X → ∗Y that need not
be of the form f∞.

Theorem 5.3. Let X be a Hausdorff space, and let Y be a locally
compact normal Hausdorff space. Let F : ∗X → ∗Y be a Q-continuous
function. Suppose that x ∈ ∗X is such that st(F (x)) is defined. Then
there is a neighborhood U of x in ∗X such that st(F ) : U → Y is a
well-defined continuous function.

Proof. Let a ∈ ∗X be such that b = st
(
F (a)

)
is defined. Since Y

is locally compact, b has a neighborhood W that is contained inside
a compact set K. Then ∗W = (W )U is a neighborhood of F (a); let
U = F−1(∗W ), a neighborhood of a. Then for every point x ∈ U
the image F (x) belongs to ∗W ⊂ ∗K and so, by Proposition 3.1, is
nearstandard, with standard part lying in K. Next, to prove continuity
of st(F ) at a, let V be any neighborhood of b. Since Y is normal, there
is a neighborhood V0 of b whose closure is contained inside V ∩W . Since
the latter is contained inside the compact set K, and Y is Hausdorff,
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it follows that the closure of V0 is compact. If x ∈ F−1(∗V0) then
F (x) ∈ ∗V0 ⊂ ∗V 0. Then, by Proposition 3.1, st

(
F (x)

)
∈ V 0. By

construction, the closure of V0 is contained inside V ∩ W , and so, in
particular, st

(
F (x)

)
∈ V . Thus st(F ) is continuous at a. □

6. Topological Groups

In this section we construct a limiting topological group from a given
sequence of topological groups (Gn)n∈N. If all Gn are the same group
G, then G∞ = ∗G is, intuitively, the group G along with infinitesimal
and infinite points attached. More on topological groups in the setting
of nonstandard analysis can be found in [11, 12, 19, 20].

Recall from section 5.1 that the topologies Tn on Gn give rise to a
topology T∞ on G∞.

6.1. Topological groups and extensions. By a topological group
we mean a group that is equipped with a Hausdorff topology for which
the group operations of product and inverse are given by continuous
maps.

Proposition 6.1. If Gn is a topological group, with the topology Tn,
for each n ∈ N, then G∞, with the topology T∞, is a topological group.

Proof. We have to show that xy−1 is continuous in x, y ∈ G∞. Let
(an), (bn) ∈

∏
n∈N Gn, and a = (an)n∈N,U and b = (bn)n∈N,U . A neigh-

borhood U of ab−1 is specified by a sequence of open sets Un ∈ Tn

such that anb
−1
n ∈ Un for most n, and we might as well assume this

holds for all n ∈ N. Since Gn is a topological group there is, for each
n, a neighborhood Vn of an and a neighborhood Wn of bn such that
VnW

−1
n ⊂ Un. Denoting by V the T∞-neighborhood of a specified by

(Vn)n∈N and by W the T∞-neighborhood of b specified by (Wn)n∈N, we
have VW−1 ⊂ U in G∞. □

Another way to view the preceding result is through the observation
that the subgroup E in (2.13) is closed:

Proposition 6.2. The subgroup E of
∏

n∈N Gn given in (2.13) is closed.

Proof. Let x ∈
∏

n∈N Gn be outside E. Then xn ̸= e for most n. Let
Un be a neighborhood of xn that does not contain e, if xn ̸= e, and let
Un = Gn if xn = e. Then

∏
n∈N Un is a neighborhood of x that does

not intersect E because for any y = (yn) ∈
∏

n∈N Un, the component
yn is ̸= e for most n. □
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Specializing Proposition 5.2 to the case when X := G×G, where G is
a compact topological group, and Y := G, we have the following result.
(This and all foundational results for ∗G were proved in Robinson [20,
Chapter VIII] by his general non-standard analysis framework.)

When all the topological groups Gn are the same, denoted G, then
we denote G∞ by ∗G. The topology T∞ is often denoted ∗T and is
called the Q-topology, and is Hausdorff. There is also the S-topology
that was discussed in section 5.2. Unless otherwise stated, we shall use
the Q-topology.

Proposition 6.3. If G is a compact topological group then the standard
part map st : ∗G → G is a homomorphism. More generally, if G is
any topological group then the set ∗Gs of all nearstandard points in ∗G
is a subgroup of ∗G and the map st : ∗Gs → G is a homomorphism.

Proof. Let a, b ∈ G and v, w ∈ ∗G be such that st(v) = a and st(w) =
b. Let U be a neighborhood of ab. Then there is a neighborhood V
of a and a neighborhood W of b such that VW ⊂ U . Let (vn) and
(wn) be sequences in G such that v = (vn)U and w = (wn)U . Since
st(v) = a, we have vn ∈ V for most n; similarly, wn ∈ W for most
n. Hence vnwn ∈ VW ⊂ U for most n. Thus, (vw)n = vnwn is in the
neighborhood U of ab for most n; this means st(vw) = ab. □

Next we note a result on continuity of the standard part of the prod-
uct operation.

Proposition 6.4. Let G be a compact topological group. Then the stan-
dard part of the product map on ∗G is continuous in the Q-topology. In
other words, the map (x, y) 7→ st(xy) from ∗G× ∗G to G is continuous.
The map

∗G → G : x 7→ st(x−1) =
(
st(x)

)−1
(6.1)

is also continuous in the Q-topology.

Proof. By Proposition 6.1, the product map on ∗G is Q-continuous.
Combining this with Proposition 5.2 we obtain the result. The map
(6.1) is continuous also for the same reason, it is the composition of
two continuous maps. □

The above corollary and other results can be proved in multiple ways
from preceding results.

Using the first isomorphism theorem of group theory and the fact the
a continuous bijection from a compact space onto a Hausdorff space is
a homeomorphism, we obtain another observation.
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Proposition 6.5. Let G be a compact topological group. Then

N := {x ∈ ∗G : st(x) = e} = st−1(e) (6.2)

is a closed subgroup of ∗G and

G ∼= ∗G/N, (6.3)

as topological groups, where ∗G/N is equipped with the quotient topology
arising from the Q-topology on ∗G.

Proposition 6.5 applies to the classical matrix groups. It is found in
the literature in the setting of the additive group of reals.

Proposition 6.6. Let f : X → Y be continuous, where X and Y are
Hausdorff topological spaces, and a ∈ ∗X be nearstandard. Then ∗f(a)
is also nearstandard and

st
(∗f(a)

)
= f(st(a)). (6.4)

More generally, ∗f
(
st−1(x)

)
⊂ st−1f(x) for all x ∈ X.

Proof. Let U be a neighborhood of f(x) in Y , where x ∈ X. If
p = (pn)U ∈ st−1(x) then pn ∈ f−1(U) for most n, since f−1(U) is
a neighborhood of x = st(p). Hence f(pn) ∈ U for most n. Thus
st
(∗f(p)

)
= f(x). □

7. The Weil-Kodaira Topology for Measurable Groups

A result announced by Weil [23], with proof published first by Ko-
daira [15], states that a translation invariant measure on a group satis-
fying a natural measurability condition gives rise to a topology relative
to which the group operations are continuous. This topology has ad-
ditional properties as well. In this section we present a construction of
the Weil-Kodaira topology, with the goal of applying it to the context
of the limiting group G∞ for a sequence of compact topological groups
Gn. Our method is inspired by the exposition in Halmos [13] but we
do not use the separation property that leads to a Hausdorff topology
as the separation property does not hold in the setting of G∞. The
definition of the topology we use is not the same as but equivalent to
the ones in [13, 15].
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7.1. Haar-Loeb measure. Consider a sequence (Gn)n∈N of compact
topological groups, with each Gn equipped with a Haar measure µn of
total mass 1. Let Bn be the Borel σ-algebra generated by the topology
Tn on Gn. Let B∞ be the σ-algebra of subsets of G∞ defined as for F∞
in (4.3). By definition (4.1) and Theorem 4.1 there is a measure Lµ∞
on a σ-algebra B∞ that satisfies

Lµ∞(A∞) = st
((

µn(An)
)
n∈N

)
, (7.1)

for every sequence (An)n∈N, where each An is in Bn.

The measure Lµ∞ is a probability measure on (G∞,B∞) and is
translation-invariant because each µn is translation-invariant.

As an example, we can take Gn to be the unitary group U(n), with
µn being normalized Haar measure. Then we could think of G∞ as an
infinite-dimensional unitary group U(∞), and Lµ∞ would then be a
left-invariant measure on it.

Proposition 7.1. The product σ-algebra B∞ ⊗ B∞ is generated by
the collection of all sets of the form A∞ × B∞, where A∞ arises from
(An)n∈N,U with An ∈ Bn for all n ∈ N and similarly for B∞. The
mapping

S∞ : G∞ ×G∞ → G∞ ×G∞ : (x, y) 7→ (x, xy) (7.2)

and its inverse map send sets in the product σ-algebra B∞ ⊗ B∞ into
sets in B∞ ⊗ B∞.

Proof. Let A be the σ-algebra generated by all sets of the form A∞×B∞
where A∞ arises from (An)n∈N,U with each An ∈ Bn, and similarly for
B∞. Clearly,

A ⊂ B∞ ⊗ B∞.

Holding such an A∞ fixed, the set of all subsets B ⊂ G∞ for which
A∞ × E is in A is a σ-algebra containing all the internal sets of the
form B∞ with each Bn ∈ Bn. Hence the set of all such B contains
B∞, and so A∞ × B ∈ A for all B ∈ B∞. Now holding B fixed and
running the analogous argument over A∞ we see that A × B ∈ A for
all A,B ∈ B∞. It follows then that

B∞ ⊗ B∞ ⊂ A.

Thus, the two σ-algebras coincide.

Let An, Bn ∈ Bn for each n ∈ N, and Sn the mapping on Gn × Gn

taking (x, y) to (x, xy). Then Sn is a homeomorphism and S−1
n (An×Bn)

is in Bn ⊗ Bn. Thus S−1
∞ (A∞ × B∞) is in B∞ ⊗ B∞. It follows then
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that S−1
∞ (B∞ ⊗ B∞) is contained inside B∞ ⊗ B∞. Applying the same

argument to S−1
∞ in place of S∞ shows that S∞ maps B∞ ⊗ B∞ into

itself. □

By the result of Weil [23] and Kodaira [15] mentioned earlier, there
is a topology on G∞ arising from the measure Lµ∞ on G∞ that makes
the group operations on G∞ continuous. This topology will, in general,
not be Hausdorff. A quotient G∞/E leads to a topological group.

7.2. Measurable groups. We summarize here some essentials about
measurable groups, following, essentially, the treatment in Halmos [13].
First, if (X,FX) and (Y,FY ) are measurable spaces, then by a measur-
ability preserving transformation we mean a bijection T : X → Y such
that, for any A ⊂ X, T (A) ∈ FY if and only if A ∈ FX .

For any E ⊂ X×Y , and (a, b) ∈ X×Y , we use the standard notation
of sections:

Ea = i−1
a (E) = {y ∈ Y : (a, y) ∈ E}

Eb = {x ∈ X : (x, b) ∈ E}.
(7.3)

The set

{E ⊂ X × Y : i−1
a (E) ∈ FY }

is a σ-algebra containing A × B for all A ∈ FX and B ∈ FY ; hence
Ea ∈ FY for all E ∈ FX⊗FY and a ∈ X, and similarly, for the sections
Eb.

A measurable group is a group G, equipped with a non-zero σ-finite
measure µ on a σ-algebra F of subsets of G such that for every E ∈ F
and x ∈ G the set xA is in F and µ(xA) = µ(A), and, furthermore,

S : G×G → G×G : (x, y) 7→ (x, xy) (7.4)

is a measurability preserving transformation. We note that

S−1(x, y) = (x, x−1y). (7.5)

The σ-finiteness of µ will be needed in order to apply Fubini’s theo-
rem. Measurability of S−1 implies that G → G : x 7→ x−1 is measur-
able. (Kodaira [15] uses a simpler condition on F , requiring measura-
bility of f(x−1y), as a function of (x, y), for every measurable function
f on G.)

Proposition 7.1 says that (G∞,B∞, Lµ∞) is a measurable group.
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7.3. Translates and sections. For any A ⊂ G, and any x ∈ G the
section [S(G × A)]x is xA, which must therefore be in F whenever
A ∈ F . Composing S, the reflection map R : (x, y) 7→ (y, x), and S−1

we have the measurability preserving map:

Q : (x, y) 7→ (x, xy) 7→ (xy, x) 7→ (xy, (xy)−1x) = (xy, y−1). (7.6)

Using the maps S and Q and sections of suitable subsets of G × G it
is possible to realize left/right translates of subsets of G in terms of
sections of subsets of G×G.

Let A,B ⊂ G. A point w lies in the x-section [Q(A × B)]x if and
only if w = y−1 for some y ∈ B and xw ∈ A; thus

[Q(A×B)]x = x−1A ∩B−1. (7.7)

Similarly,

[Q(A×B)]y =

{
Ay−1 if y ∈ B−1;

∅ if y /∈ B−1.
(7.8)

In particular, it follows that if B ∈ F then (using (7.7) with A being
G) the set B−1 is in F , and, by (7.8), right translates of a set in F are
also in F .

We can now state a very useful basic formula and some of its conse-
quences.

Proposition 7.2. Let (G,F , µ) be a measurable group and A,B ∈ F .
Then the functions

x 7→ µ(A ∩ xB) and x 7→ µ(A ∩Bx) (7.9)

are measurable. Moreover, we have the overlap measure identity:∫
G

µ(A ∩ xB) dµ(x) = µ(A)µ(B−1). (7.10)

Proof. Fubini’s theorem guarantees the measurability of the measures
of sections of measurable subsets of a product space. By the observation
(7.7) and measurability of x 7→ x−1 it follows then that the function

x 7→ µ(A ∩ xB) = µ
(
[Q(A×B−1]x−1

)
(7.11)

is measurable. Moreover, from

µ(A ∩Bx) = µ
(

[(A×G) ∩Q(B ×G)]x
−1
)

(7.12)

Then the measurability statements (7.9) follow from the observations
about sections given in (7.7) and (7.8). Moreover, by Fubini’s theorem
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we also have∫
G

µ(A ∩ xB) dµ(x) =

∫
G

[∫
G

1A(y)1xB(y) dµ(y)

]
dµ(x)

=

∫
G

[∫
G

1xB(y) dµ(x)

]
1A(y) dµ(y)

=

∫
G

[∫
G

1yB−1(x) dµ(x)

]
1A(y) dµ(y)

= µ(B−1)µ(A).

(7.13)

□

The overlap measure

µ(A ∩ xB)

and the sets

ηA,B(t) = {x ∈ G : µ(A ∩ xB) > t} (7.14)

will play useful roles.

If t ≥ µ(A) or if t ≥ µ(B) then ηA,B(t) is empty. If A = B is of
positive measure and 0 ≤ t < µ(B) then e ∈ ηA,A(0).

We note some very useful consequences of formula (7.10).

Proposition 7.3. Let (G,F , µ) be a measurable group and A,B ∈ F .

(1) If A is of positive measure then so is A−1.
(2) If A and B have positive measure then the set

ηA,B(0) = {x ∈ G : µ(A ∩ xB) > 0}

and the set {w ∈ G : µ(A ∩ Bw) > 0} are also of positive
measure.

(3) For any t > 0 we have

µ (ηA,B(t)) ≤ 1

t
µ(A)µ(B−1); (7.15)

in particular, ηA,B(t) has finite measure if A and B−1 have finite
measure.

(4) For any A ∈ F and t > 0 we have:

ηA,B(t)−1 = ηB,A(t). (7.16)

Proof. (1) We apply the formula (7.10) repeatedly. Taking B to be
A−1 in (7.10) shows that if µ(A) > 0 then µ(xA−1) > 0 for some x and
hence µ(A−1) > 0.



32 IRFAN ALAM AND AMBAR N. SENGUPTA

(2) Applying (7.10) with µ(A) and µ(B) positive we conclude from
the positivity of the right side (which follows by (1)) that the integrand
is positive on a set of positive measure. Next, for any w ∈ G, and A,B
of positive measure, we have

A ∩Bw = (A−1 ∩ w−1B−1)−1, (7.17)

and so, by (1),

{w ∈ G : µ(A ∩Bw) > 0} = {x ∈ G : µ(A−1 ∩ xB−1) > 0}−1. (7.18)

Thus, by what we have already shown and repeated application of (1),
it follows that {w ∈ G : µ(A ∩Bw) > 0} has positive measure.

(3) This follow from an application of the standard Chebyshev in-
equality:

tµ
(
ηA,B(t)

)
≤
∫
{x:µ(A∩xB)>t}

µ(A ∩ xB) dµ(x)

≤
∫
G

µ(A ∩ xB) dµ(x),

(7.19)

combined with the overlap measure identity (7.10).

(4) follows from the definition of ηA,B(t) and the left-invariance of
µ. □

7.4. Continuity of measures of translate overlaps. If G is a lo-
cally compact topological group and µ is a left Haar measure then it
can be shown that µ(A ∩ xA) is continuous in x, and so the set on
which it is positive is open. Moreover, if U is open then µ(U ∩ xU) is
positive for x in the open set UU−1, and the set of all such sets forms
a basis of the topology at the identity element e. (See [13] and [8] for
more results and references.)

7.5. The basic neighborhoods ηA. With the previous paragraph as
motivation, for a measurable group (G,F , µ) and any A ∈ F with
µ(A) > 0 we consider the set ηA of all x ∈ G for which µ(A∩ xA) > 0:

ηA = {x ∈ G : µ(A ∩ xA) > 0}. (7.20)

By Proposition 7.2,

µ(ηA) > 0 (7.21)

for any set A of positive measure. Moreover,

e ∈ ηA for all sets A of positive measure. (7.22)
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We think of ηA as a neighborhood of e, for any A of positive measure.
We will show that the set of all translates zηA, with z running over G
and A over sets of positive measure, form a basis of a topology on G.

Proposition 7.4. Let (G,F , µ) be a measurable group, and A,B ⊂ G
are sets of positive measure. Then

ηA∩Bw ⊂ ηA ∩ ηB, (7.23)

for some w ∈ G for which µ(A ∩Bw) > 0.

Proof. By the last statement in Proposition 7.2, there is a w ∈ G for
which A ∩Bw has positive measure. Let x ∈ ηA∩Bw. Then

µ(A ∩ xA) ≥ µ
(
A ∩Bw ∩ x(A ∩Bw)

)
> 0 (7.24)

and

µ(B ∩ xB) = µ(Bw ∩ xBw) ≥ µ
(
A ∩Bw ∩ x(A ∩Bw)

)
> 0. (7.25)

Thus, x ∈ ηA ∩ ηB. □

Next, we show that the intersection of two neighborhoods contains
a neighborhood of each of the points in the intersection.

Proposition 7.5. Let (G,F , µ) be a measurable group. Then:

(1) For any sets A,B ∈ F of positive measure, any t ≥ 0, and
any y ∈ ηA,B(t) there is a set C of positive measure such that
yηC(t) ⊂ ηA,B(t).

(2) For every y ∈ ηA the set A′ = A ∩ y−1A is of positive measure
and yηA′ ⊂ ηA.

(3) If A,B ⊂ G are of positive measure, then for any x ∈ ηA ∩ ηB
there is a set C of positive measure such that xηC ⊂ ηA ∩ ηB.

(4) If A,B ⊂ G are of positive measure, and y, z, w ∈ G with
w ∈ yηA ∩ zηB then there is a set C of positive measure such
that wηC ⊂ yηA ∩ zηB.

Proof. (1) Let y ∈ ηA,B(t), where t ≥ 0. For any z ∈ G we have

µ(A ∩ yzB) = µ(y−1A ∩ zB) ≥ µ(C ∩ zC), (7.26)

where C = y−1A ∩B. We note that, by left invariance of µ,

µ(C) = µ(A ∩ yB) > t

because y ∈ ηA,B(t). From (7.26) it follows that for any z ∈ ηC(t) we
have yz ∈ ηA,B(t). Thus, yηC(t) ⊂ ηA,B(t).
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(2) Setting t = 0 and B = A in part (1) shows that yηA′ ⊂ ηA, where
A′ = y−1A ∩ A. The set A′, being the left translate of A ∩ yA by y−1,
is of positive measure when y ∈ ηA.

(3) For x ∈ ηA ∩ ηB, let A′ = x−1A∩A and B′ = x−1B ∩B; then by
(1), we have

x(ηA′ ∩ ηB′) = xηA′ ∩ xηB′ ⊂ ηA ∩ ηB.

By Proposition 7.4 there is a set C of positive measure such that ηC ⊂
ηA′ ∩ ηB′ . Then

xηC ⊂ ηA ∩ ηB.

(4) For w ∈ yηA ∩ zηB we have

y−1w ∈ ηA and z−1w ∈ ηB.

By (2) there are sets D and E of positive measure such that y−1wηD ⊂
ηA and z−1wηE ⊂ ηB. By (3), applied to x = e, there is a set C of
positive measure such that ηC ⊂ ηD ∩ ηE. Hence y−1wηC ⊂ ηA and
z−1wηC ⊂ ηB. We conclude that wηC ⊂ yηA ∩ zηB. □

7.6. The topology Tµ. As a direct consequence of Proposition 7.5 it
follows that unions of left-translates of the sets ηA form a topology.

Proposition 7.6. Let (G,F , µ) be a measurable group. Then the set
Tµ consisting of all unions of sets of the form yηA, with y running over
G and A ∈ F over all sets of positive measure, forms a topology on G.
Left translation by any element in G is a homeomorphism of G.

Proof. That Tµ is a topology on G follows directly from Proposition
7.5(4). Continuity of left translations follows from the fact that every
neighborhood of x ∈ G contains a set of the form xηA with A of positive
measure. □

By (7.21) every nonempty open set has positive measure.

7.7. Continuity of right translation and inversion. Next we note
a result about conjugation and continuity of right translations.

Proposition 7.7. For any A ∈ F and y ∈ G,

yηAy
−1 = ηyA (7.27)

and

ηAy = yηy−1A. (7.28)

The mapping G → G : x 7→ xy is a homeomorphism for every y ∈ G.
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Proof. We have

yηAy
−1 = {ywy−1 : µ(A ∩ wA) > 0}

= {ywy−1 : µ(yA ∩ ywy−1yA) > 0}
= {z : µ(yA ∩ zyA) > 0}
= ηyA.

(7.29)

Continuity of right translation by y follows then because the neigh-
borhood xηA of any x ∈ G is carried to xηAy = xyηy−1A, which is a
neighborhood of xy. □

Next we prove the continuity of the inversion map in G.

Proposition 7.8. For any A ∈ F

η−1
A = ηA. (7.30)

The mapping G → G : y 7→ y−1 is continuous with respect to the
topology Tµ.

Proof. An element x ∈ G lies in ηA if and only if

µ(A ∩ xA) > 0,

which, by left-translation by x−1, is equivalent to µ(x−1A ∩ A) > 0,
which means x−1 ∈ ηA. For any y ∈ G and A ∈ F of positive measure
we have

(yηA)−1 = η−1
A y−1 = ηAy

−1 = y−1ηyA,

by (7.27), and this is a neighborhood of y−1. □

We turn now to the proof of continuity of the product operation on
G. This is a much more involved argument.

7.8. The distance function ρν. Let (X,B, ν) be a measure space.
As is well known, and readily verified, the function

ρν : B × B → [0,∞] (7.31)

given by

ρν(A,B) = ν(A∆B) =

∫
X

|1A − 1B| dν (7.32)

is non-negative, symmetric, and satisfies the triangle inequality

ρν(A,B) ≤ ρν(A,C) + ρν(C,B). (7.33)



36 IRFAN ALAM AND AMBAR N. SENGUPTA

Moreover, directly by the definition, ρν(A,B) is 0 if and only if A differs
from B by a set of measure 0. Thus, ρν gives a notion of distance on
F , and

ρν(xA, xB) = ρν(A,B),

for all A,B ∈ B and x ∈ G.

We note that

ρν(E, ∅) = ν(E). (7.34)

Then in the triangle inequality (7.33), if we take B to be ∅ we see that
a set A has finite measure if ρν(A,C) < ∞, where C is some set of
finite measure. In other words, if a set A is at finite distance from a
set C of finite measure then A also has finite measure.

We note also that

ρν(∪n
j=1Aj,∪n

j=1Bj) ≤
n∑

j=1

ρν(Aj, Bj) (7.35)

because

(∪n
j=1Aj)∆(∪n

j=1Bj) ⊂ ∪n
j=1(Aj∆Bj). (7.36)

If E1, E2, . . . ∈ B have union of finite measure then

ρν(∪∞
j=1Ej,∪n

j=1Ej) ≤ ν(∪j>nEj) → 0, as n → ∞. (7.37)

Now suppose A is a collection of sets that is an algebra (contains ∅,
closed under complements and finite unions) that generates the σ-
algebra B. Let A be the collection of all sets in B that can be ap-
proximated arbitrarily closely by sets in A. Then, assuming that ν is a
finite measure, equations (7.35) and (7.37) imply that A is a σ-algebra;
since it contains A as a subcollection, it follows then that

A = B. (7.38)

If ν is σ-finite then writing the whole space as a countable union of
disjoint sets S1, S2, . . . of finite measure, and working separately within
each Sn, (7.38) follows again. For this we need the following argument:
if S is a fixed set in B let BS be the collection of all E ∈ B for which
E∩S is in the σ-algebra of subsets of S generated by {A∩S : A ∈ A};
then BS is a σ-algebra containing all sets in A, and so BS = B.

Using the remark made preceding (7.35) we see that if E ∈ B is of
finite measure then any set in A that approximates it closely (even just
being at finite distance from E) has finite measure:

if ν(A) < ∞ and ρν(A,B) < ∞ then ν(B) < ∞. (7.39)
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We return to the measurable group (G,F , µ). We apply (7.38) to
the product space G×G, with A being the set of all sets that are finite
unions of rectangles A×B with A,B ∈ F . Thus any subset of G×G
of finite measure can be approximated arbitrarily closely by unions of
rectangles; these rectangle are then necessarily of finite measure and
can also be taken to be mutually disjoint.

Next we use the preceding observations about G × G to obtain re-
sults about subsets of G by taking appropriate sections. The following
lemma, whose proof is very technical, is critical for the proof of conti-
nuity of the product operation on G. It shows that for every set A of
finite measure the set wA is close to A if w lies in some neighborhood
of e.

Lemma 7.9. Let (G,F , µ) be a measurable group, and let A ∈ F be a
set of finite measure in G, and δ > 0. Then there is a set D of finite
measure such that

ρµ(yA,D) < δ, (7.40)

for all y in some set F of positive finite measure. Moreover, for any
w ∈ ηF , we have ρµ(wA,A) < 2δ.

Recall the map

S : G×G → G×G : (x, y) 7→ (x, xy),

which is a measurability preserving transformation by definition of
(G,F , µ) as a measurable group. If K and A have finite measure then,
by Fubini’s theorem, S(K×A) has finite measure because the x-section
is xA, of finite measure, if x ∈ K, and is ∅ if x /∈ K.

Proof. Every subset of G × G of finite measure can be approximated
arbitrarily well by finite unions of rectangles in F ⊗ F with sides of
finite measure; this follows by Proposition 7.38. We apply this to the
set S(K × A), where both K and A are subsets of G of positive finite
measure: there exist A1, . . . , An, B1, . . . Bn ∈ F , all of finite measure,
such that

ρµ×µ

(
S(K × A),∪n

j=1Aj ×Bj

)
< δµ(K)

def
= δ1. (7.41)

Now the definition (7.32) applied to ρµ×µ says

ρµ×µ

(
S(K × A),∪n

j=1Aj ×Bj

)
=

∫
G

[∫
G

∣∣1S(K×A)(x, y) − 1∪n
j=1(Aj×Bj)(x, y)

∣∣ dµ(y)

]
dµ(x).

(7.42)
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The x-integrand here is in fact∫
G

∣∣1S(K×A)x(y) − 1∪n
j=1(Aj×Bj)x(y)

∣∣ dµ(y)

= ρµ
(
S(K × A)x,∪n

j=1(Aj ×Bj)x
)
.

(7.43)

Now

[S(K × A)]x =

{
xA if x ∈ K;

∅ if x /∈ K.
(7.44)

We assume without loss of generality that A1, . . . An are disjoint and all
contained inside K because replacing Aj by Aj ∩K can only decrease
the x-integrand (7.43). Moreover, we can assume that A1 ∪ . . .∪An =
K, for we can always add on another Aj for which Bj is ∅ and this
would not change the value in (7.43).

Then, using (7.43), we see that the x-integrand in (7.42) is

ρµ(xA,Bj) if x ∈ Aj, and 0 if x /∈ ∪n
i=1Ai. (7.45)

Thus,

ρµ×µ

(
S(K × A),∪n

j=1Aj ×Bj

)
=

n∑
j=1

∫
Aj

ρν(xA,Bj) dµ(x). (7.46)

Let

Cj = {x ∈ G : ρν(xA,Bj) < δ} ∩ Aj. (7.47)

This is a measurable set. If C1, . . . Cn all had measure 0 then

ρµ×µ

(
S(K × A),∪n

j=1Aj ×Bj

)
≥ δµ(A1 ∪ . . . ∪ An) = δµ(K), (7.48)

which contradicts (7.41). Thus Cj has positive measure for some j; we
denote this set by F . Let D = Bj. Then

ρµ(xA,D) < δ for all x ∈ F , (7.49)

which establishes (7.40).

Finally, if w ∈ ηF then

µ(F ∩ Fw) > 0

and so, since F ∩ Fw ̸= ∅,

w = x−1y for some x, y ∈ F .

It follows that

ρµ(wA,A) = ρµ(yA, xA) ≤ ρµ(yA,D) + ρµ(D, xA) < 2δ.

□
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7.9. Semi-continuity of translate overlaps. We introduce a neigh-
borhood ηA(ϵ) of e that is contained inside ηA.

Proposition 7.10. Let (G,F , µ) be a measurable group, A a subset of
G of positive measure, and ϵ > 0. Then the set

ηA(ϵ) = {x ∈ G : µ(A ∩ xA) > ϵ} (7.50)

is open in the topology Tµ. In particular, if ϵ < µ(A) then ηA(ϵ) contains
a subset ηF for some set F of positive finite measure.

Proof. Since the measure is σ-finite, every set of positive measure con-
tains a subset of positive finite measure. We may then assume without
loss of generality that A has finite measure. For a ∈ ηA(ϵ) we will
construct a set F of positive measure such that aηF ⊂ ηA(ϵ). Thus we
wish to find a set F of positive measure such that µ(A ∩ ayA) > ϵ for
all y ∈ ηF .

We have

µ(ayA ∩ A) = 2µ(A) − ρµ(ayA,A) (7.51)

This is > ϵ if

ρµ(ayA,A) < 2µ(A) − ϵ. (7.52)

Now

ρµ(ayA,A) ≤ ρµ(ayA, aA)+ρµ(aA,A) = ρµ(yA,A)+ρµ(aA,A) (7.53)

and

ρµ(aA,A) = 2µ(A) − µ(aA ∩ A) < 2µ(A) − ϵ. (7.54)

So we need ρµ(yA,A) to be < δ = 2µ(A) − ϵ− ρµ(aA,A). By Lemma
7.9 there is a set F of positive finite measure such that ρµ(yA,A) < δ
for all y ∈ ηF . Tracing the argument backwards, we see that if y ∈ ηF
then

µ(ayA ∩ A) > ϵ. (7.55)

This proves that for any a ∈ ηA(ϵ), the set ηA(ϵ) contains the basic
neighborhood aηF of a. □

7.10. Continuity of the product map. Finally we can prove the
continuity of the group product operation.

Proposition 7.11. Let (G,F , µ) be a measurable group. Then the
product mapping G × G → G : (x, y) 7→ xy is continuous with respect
to the topology Tµ.
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Proof. We will first show that the product map is continuous at (e, e):
for any basic neighborhood ηC of e, there is a basic neighborhood ηA
such that ηAηA ⊂ ηC . By σ-finiteness of µ it follows that C contains
a subset of positive finite measure; so we may assume without loss of
generality that C is of positive finite measure. Let ϵ = µ(C)/2 and
consider the set

ηC(ϵ) = {x ∈ G : µ(C ∩ xC) > ϵ}.
Let a, b ∈ ηC(ϵ). Then the sets a−1C and bC both overlap C in sets of
measure > µ(C)/2, and so a−1C ∩C and bC ∩C overlap each other in
a set of positive measure; in particular,

µ(a−1C ∩ bC) > 0. (7.56)

Left-multiplying the set a−1C ∩ bC by a we conclude by left-invariance
of µ that ab ∈ ηC . Thus

ηC(ϵ)ηC(ϵ) ⊂ ηC . (7.57)

By Proposition 7.10, ηC(ϵ) is an open set, and since it contains e, it
contains a basic neighborhood ηA for some set A of positive measure.
Hence ηAηA ⊂ ηC .

Now consider c = ab, where a, b ∈ G, and a basic neighborhood cηC
of c. By the previous paragraph, there is a set A of positive measure
such that ηAηA ⊂ ηC . Then aηbA is a basic neighborhood of a and bηA
is a basic neighborhood of B, and, using (7.28), we have

aηbAbηA = abηb−1bAηA = abηAηA ⊂ cηC . (7.58)

This proves continuity of the product at (a, b). □

7.11. Neighborhoods of finite measure. We have already seen that
by (7.21) every nonempty open set has positive measure. The following
result shows that every point has a neighborhood of finite measure.

Proposition 7.12. Let (G,F , µ) be a measurable group. Then every
non-empty open set in the topology Tµ has positive measure and every
point has an open neighborhood of positive finite measure. Moreover,
there is a set D of positive finite measure such that the basic neighbor-
hood ηD of e has finite measure.

Proof. Any non-empty open set U contains a set of the form xηA, where
A has positive measure, and so µ(U) > 0 since, as noted in (7.21), ηA
has positive measure.

Next we construct a neighborhood of e that has finite measure.
By σ-finiteness of µ, there is a set A of positive finite measure. By
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Proposition 7.3 (1) the set A−1 is also of positive measure, and so
µ(A ∩ zA−1) > 0 for some z ∈ G. Let t = µ(A ∩ zA−1)/2. We have

ηA,A−1(t) ⊂ ηA,A−1(0),

and by Proposition 7.3 (3) this is of finite measure,. Moreover, ηA,A−1(t)
contains z. Thus z−1ηA,A−1(t) is a neighborhood of e of finite measure.
Then, by definition of the topology Tµ, there is a set D of positive
measure such that ηD ⊂ z−1ηA,A−1(t); hence, ηD is a neighborhood of
e of finite measure. If necessary, D can be replaced by a subset of
positive finite measure. □

7.12. Local boundedness. A subset B ⊂ G is said to be bounded if
it can be covered by finitely many left translates of any given neigh-
borhood of e. Let us check that the translations may be taken to be by
elements in B, assuming that B ̸= ∅. Let U be any neighborhood of
e, and suppose B ̸= ∅. By continuity of the group operations, there is
a neighborhood V of e such that V −1V ⊂ U . Let w1V, . . . , wmV cover
B. Assume without loss of generality that each wjV intersects B and
pick some xj ∈ wjV ∩ B; then wj = xjv

−1
j for some vj ∈ V . Thus

wjV = xjv
−1
j V ⊂ xjU . Hence x1U, . . . , xmU covers B, and, of course,

each xj is in B.

Proposition 7.13. Every point in G has a bounded neighborhood.
Specifically, if F is any set such that ηF is of positive finite measure
then xηF and ηFx are bounded for every x ∈ G.

Proof. By Proposition 7.12 there exists a set F such that ηF is of finite
measure. By continuity of the product operation there is a set A of
positive finite measure such that ηAηA ⊂ ηF . In particular, ηA is of
positive finite measure.

We will show that ηA is bounded. Suppose not. Then there is a
neighborhood ηB, with B of positive finite measure, such that no finite
collection of left translates of ηB can cover ηA. Replacing B by wB∩A
for some suitable w we can assume that B is a subset of A. Thus
there is then a set B ⊂ A of positive finite measure such that no finite
collection of left translates of ηB by elements of ηA can cover ηA.

This means that there is a sequence of points x1, x2, . . . ∈ ηA such
that x1 ∈ ηA \ ηB and

xn+1 ∈ ηA \ (ηB ∪ x1ηB ∪ . . . ∪ xnηB) (7.59)

for all n. We will now produce a set C such that the translates xjηC
are mutually disjoint, each of positive measure, and all contained inside
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ηF . By continuity of the product operation there is a set C of positive
finite measure such that

ηCηC ⊂ ηB.

The set x1ηC ∩ηC has measure 0, for otherwise x1 would be in ηCη
−1
C =

ηCηC , which is contained in ηB, contradicting the choice of x1 ∈ ηA\ηB.
More generally, xj+1ηC is disjoint from xiηC , for i ≤ j, for otherwise
xj+1 would be in xiηCη

−1
C ⊂ xiηB, which would contradict the choice

of xj+1 as given in (7.59). Now

ηC ⊂ ηB ⊂ ηA ⊂ ηF ,

and

xjηC ⊂ ηAηA ⊂ ηF .

Thus

ηF ⊃ ηC ∪ x1ηC ∪ x2ηC ∪ . . .

and this union, being disjoint, has measure equal to ∞ because µ(ηC) >
0. This contradicts the finiteness of µ(ηF ), with which we had started.

□

It seems doubtful that all Borel sets arising from the topology Tµ are
in F . However, all Baire sets are F -measurable. Recall that the Baire
σ-algebra is generated by all compact Gδ sets (such sets are countable
intersections of open sets). Let C be a compact set that is of the form

C = ∩∞
n=1Un,

where each Un is open. Covering C by finitely many basic neighbor-
hoods (sets of the form xηA) that are contained inside Un we obtain a
set Vn ∈ F such that C ⊂ Vn ⊂ Un. Then C = ∩n≥1Vn is in F . Since
the compact Gδ sets generate the Baire σ-algebra it follows that the
Baire σ-algebra is contained inside F .

Since G is locally bounded, there is a group G with a topology rela-
tive to which the group operations are continuous and which is topolog-
ically complete, locally compact, and has G as a dense subgroup. This
result of Weil [24, Theorem VII and Theorem X] is stated in Halmos
[13].

7.13. Comparison of topologies on G∞. Let G1, G2, . . . be compact
groups with Haar measure µn on Gn of total mass 1. There are two
topologies on G∞, the Q-topology T∞ and the Weil-Kodaira (WK)
topology Gµ∞ , and the group operations are continuous with respect to
both topologies. The question arises as to whether these two topologies
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are the same. To settle this question, let us assume that no Gn is finite;
hence

µn({e}) = 0

for the identity e in each Gn. Then by outer regularity of Haar measure
there is a neighborhood Un of e in Gn with µn(Un) < 1/n. Then the
set U∞ ⊂ G∞ consisting of all xN = (xn)n∈N,U for which xn ∈ Un for
most n is in the σ-algebra Bµ∞ and has Loeb-Haar measure

Lµ∞(U∞) = st (µn(Un))n∈N,U = 0. (7.60)

Therefore U∞ is not an open neighborhood of e in the WK topology
because, by (7.21), all non-empty WK-open set has positive measure.
On the other hand, U∞ is open in T∞.

Now consider the special case where each Gn is the same compact
group G, which is not finite as a set, T the topology on G, and µ is
Haar measure on G of total mass 1. Then G∞ = ∗G. We examine the
nature of the basic open neighborhoods in ∗G with respect to the WK
topology. Let U be a neighborhood of e in G; then by continuity of the
product on G there is a neighborhood W of e such that

WW ⊂ U

and so, in particular, bW ⊂ U for all b ∈ W , which means

b−1U ⊃ W for all b ∈ W . (7.61)

By (7.61) we have

U ∩ b−1U ⊃ W

for all b ∈ W , and so

µ(U ∩ yU) ≥ µ(W ), (7.62)

for all y ∈ W−1. For convenience, we may assume that

W−1 = W,

by replacing W with W ∩W−1. Then we have

Lµ∞(∗U ∩ yN
∗U) ≥ µ(W ) > 0 for all yN ∈ ∗W . (7.63)

Now ∗U is a set whose Lµ∞ measure is µ(U), which is positive because
U is a nonempty open set. Thus the set

η∗U

is an open neighborhood of e in the WK topology on ∗G. By (7.63) we
have

η∗U ⊃ ∗W. (7.64)
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Next, starting with a neighborhood W of e in G, let V = V −1 be a
neighborhood of e such that V V ⊂ W . Let yN ∈ η∗V . Then

µ(V ∩ ynV ) > 0 for most n, (7.65)

otherwise Lµ∞(∗V ∩ yN
∗V ) would be 0 since the set ∗V ∩ yN

∗V arises
from the sequence of sets V ∩ ynV . By (7.65) we have

yn ∈ V V −1 ⊂ W for most n,

and so yN ∈ ∗W . Thus

η∗V ⊂ ∗W. (7.66)

Thus the WK topology contains the topology T1 on ∗G generated by
the subbase consisting of all sets a∗W with a running over ∗G and W
over T . The topology T1 might coincide with the S-topology on ∗G
but we do not have a proof for that. When G is the noncompact group
R, no translate of ∗(0, 1) by a hyperfinite element contains any finite
element and so cannot be of the form ∗W for W ⊂ R for such ∗W ,
when nonempty, always contains finite elements (all the points of W ).

8. Extensions of Lie groups and Lie algebras

We turn to the special case where each GN is a Lie group, such as
U(N) or SU(N). Then, by classical theory, there is associated to GN

a Lie algebra L(GN). A basic realization of L(GN) is as TeGN , the
tangent space to GN at the identity e. Let

L(G∞) =
∏
N∈N

L(GN)/ ≃U (8.1)

A typical element of this is an equivalence class (Xn)n∈N, where each
Xn ∈ L(Gn), with (Xn)n∈N ≃U (Yn)n∈N if and only if {n ∈ N : Xn =
Yn} is in U .

The product
∏

N∈N L(GN) is a Lie algebra in the natural way, with
operations defined componentwise. Let

ZU = {(Zn)n∈N : Zn = 0 for most n}. (8.2)

This is clearly a vector subspace of
∏

N∈N L(GN). Moreover, if (Zn)n∈N ∈
ZU and (Xn)n∈N ∈

∏
N∈N L(GN) then

([Zn, Xn])n∈N ∈ ZU . (8.3)

Thus ZU is an ideal in
∏

N∈N L(GN), and so the quotient L(G∞) inherits
a Lie algebra structure from

∏
N∈N L(GN).

Thus to the group G∞ there is associated a Lie algebra L(G∞).
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We refer to [11] for Lie algebras in the framework of nonstandard
analysis.

9. Conclusion

In this paper we have studied the large-N limit of a sequence of
spaces, in particular measure and topological spaces, drawing on ideas
of non-standard analysis and ultraproducts. We applied the methods
to the case of a sequence of topological groups GN and constructed a
measure on the large-N limit group G∞. In the case where each GN

is a Lie group we constructed a Lie algebra associated to the limiting
group G∞.
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classes dèfinissables d’algébres. In Mathematical Interpretation of
Formal Systems, Studies in Logic and the Foundations of Mathe-
matics, pages 98–113. North-Holland Publishing Company, 1955.

[19] Rohit Parikh. A nonstandard theory of topological groups. In
Applications of Model Theory to Algebra, Analysis, and Probability
(Internat. Sympos., Pasadena, Calif., 1967), pages 279–284. Holt,
Rinehart and Winston, New York, 1969.

[20] Abraham Robinson. Non-standard analysis. North-Holland Pub-
lishing Co., Amsterdam, 1966.

[21] Pierre Samuel. Ultrafilters and compactification of Uniform Spaces.
ProQuest LLC, Ann Arbor, MI, 1947. Thesis (Ph.D.)–Princeton
University.

[22] Terence Tao. Ultraproducts as a Bridge
Between Discrete and Continuous Analysis.
https://terrytao.wordpress.com/2013/12/07/ultraproducts-
as-a-bridge-between-discrete-and-continuous-analysis/.
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