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Abstract. We present a description of two dimensional Yang-Mills gauge

theory on the plane and on compact surfaces, examining the topological, geo-

metric and probabilistic aspects.

1. Introduction

Two dimensional Yang-Mills theory has proved to be a surprisingly rich model,
despite, or possibly because of, its simplicity and tractability both in classical and
quantum forms. The purpose of this article is to give a largely self-contained intro-
duction to classical and quantum Yang-Mills theory on the plane and on compact
surfaces, along with its relationship to Chern-Simons theory, illustrating some of
the directions of current and recent research activity.

2. Yang-Mills Gauge Theory

The physical concept of a gauge field is mathematically modeled by the notion
of a connection on a principal bundle. In this section we shall go over a rapid
account of the differential geometric notions describing a gauge field (for a full
account, see, for instance, Bleecker [10]).

Consider a smooth manifold M , to be thought of as spacetime. Let G be
a Lie group, viewed as the group of symmetries of a particle field. The latter
may be thought of, locally, as a function on M with values in a vector space E
on which there is a representation ρ of G; a change of ‘gauge’ (analogous to a
change of coordinates) alters ψ by multiplication by ρ(g), where g is a ‘local’ gauge
transformation, i.e. a function on M with values in G. To deal with such fields in a
unified way, it is best to introduce a principal G-bundle over M . This is a manifold
P , with a smooth surjection

π : P →M

and a smooth right action of G:

P ×G→ P : (p, g) 7→ Rgp = pg,
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such that π is locally trivial, i.e. each point of M has a neighborhood U for which
there is a diffeomeorphism

φ : U ×G→ π−1(U)

satisfying

πφ(u, g) = u, φ(u, gh) = φ(u, g)h, for all u ∈ U , and g, h ∈ G.

It will be convenient for later use to note here that a bundle overM is often specified
by an indexing set I (which may have a structure, rather than just be an abstract
set), an open covering {Uα}α∈I of M , and for each α, β ∈ I for which Uα ∩Uβ 6= ∅,
a diffeomorphism

φαβ : Uα ∩ Uβ → G

such that

(2.1) φαβ(x)φβγ(x) = φαγ(x) for all x ∈ Uα ∩ Uβ ∩ Uγ .

The principal bundle P may be recovered or constructed from this data by taking
the set ∪α∈I{α}×Uα×G and identifying (α, x, g) with (β, y, h) if x = y ∈ Uα ∩Uβ
and φβα(x)g = h. The elements of P are the equivalence classes [α, x, g], and the
map π : P → M : [α, x, g] → x is the bundle projection and [α, x, g]k = [α, x, gk]
specifies the right G-action on P . The map φα : Uα ×G→ P : (x, g) 7→ [α, x, g] is
a local trivialization. This construction is traditional (see, for instance, Steenrod
[53]), but lends itself to an interesting application in the context of Yang-Mills as
we shall see later.

A particle field is then described by a function ψ : P → E, where E is as before,
satisfying the equivariance property

(2.2) ψ(pg) = ρ(g−1)ψ(p)

which is physically interpreted as the gauge transformation behavior of the field
ψ. In terms of local trivializations, the value of the field over a point x ∈ M
would be described by an equivalence class [α, x, v] with v = ψ([α, x, e]) ∈ E, and
(α, x, v) declared equivalent to (β, y, w) if y = x ∈ Uα ∩ Uβ and w = ρ

(

φβα(x)
)

v.
An equivalent point of view is to consider the space EP of all equivalence classes
[p, v] ∈ P × E, with [p, v] = [pg, ρ(g)−1v] for all (g, p, v) ∈ G × P × E, which is
a vector bundle EP → M : [p, v] 7→ π(p), and then ψ corresponds to the section
of this bundle given by M → EP : x 7→ [p, ψ(p)] for any p ∈ π−1(x). These
traditional considerations will be useful in an unorthodox context later in defining
the Chern-Simons action (4.20).

The interaction of the particle field with a gauge ‘force’ field is described
through a Lagrangian, which involves derivatives of ψ. This derivative is a ‘covari-
ant derivative’, with a behavior under gauge transformations controlled through a
field ω which is the gauge field. Mathematically, ω is a connection on P , i.e. a
smooth 1-form on P with values in the Lie algebra LG of G such that

(2.3) R∗
gω = Ad(g−1)ω and ω(pH) = H

for all p ∈ P and H ∈ LG, where

pH =
d

dt

∣

∣

∣

t=0
p · exp(tH).
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The tangent space TpP splits into the vertical subspace ker dπp and the horizontal
subspace kerωp:

(2.4) TpP = Vp ⊕H
ω
p , where Vp = ker dπp and Hω

p = kerωp.

A path in P is said to be horizontal, or parallel, with respect to ω, if its tangent
vector is horizontal at every point. Thus, if

c : [a, b]→M

is a piecewise smooth path, and u a point on the initial fiber π−1(c(a)), then there
is a unique piecewise smooth path c̃u : [a, b]→ P such that

π ◦ c̃u = c, c̃u(a) = u,

and c̃u is composed of horizontal pieces. The path c̃u is called the horizontal lift of
c through u, and c̃u(t) is the parallel transport of u along c up to time t.

The point c̃u(b) lies over the end point c(b). If c is a loop then there is a unique
element h in G for which

c̃u(b) = c̃u(a)h.

This h is the holonomy of ω around the loop c, beginning at u, and we denote this

hu(c;ω).

The property (2.3) implies that

(2.5) hug(c;ω) = g−1hu(c;ω)g.

In all cases of interest, the gauge group G is a matrix group, and we have then the
Wilson loop observable

(2.6) Tr
(

h(c;ω)
)

where we have dropped the initial point u as it does not affect the value of the trace
of the holonomy.

If ρ is a representation of G on a vector space E, then there is induced in the
obvious way an ‘action’ of the Lie algebra LG on E, and this allows us to multiply,
or ‘wedge’, E-valued forms and LG-valued forms. If η is an E-valued k-form on P
then the covariant derivative Dωη is the E-valued (k + 1)–form on P given by

(2.7) Dωη = dη + ω ∧ η

The holonomy around a small loop is, roughly, the integral of the curvature of
ω over the region enclosed by the loop. More technically, the curvature Ωω is the
LG-valued 2-form given by

(2.8) Ωω = Dωω = dω +
1

2
[ω ∧ ω]

(see discussion following (4.1) below for explanation of notation). This LG-valued
2-form is 0 when evaluated on a pair of vectors at least one of which is vertical, and
is equivariant:

(2.9) R∗
gΩ

ω = Ad(g−1)Ωω.

The connection ω is said to be flat if its curvature is 0, and in this case holonomies
around null-homotopic loops are the identity.
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Now consider an Ad-invariant metric 〈·, ·〉 on LG. This, along with a metric on
M , induces a metric g̃ on the bundle P in the natural way. Then we can form the
curvature ‘squared’:

〈Ωω,Ωω〉 = g̃(Ωω,Ωω)

which, by equivariance of the curvature form and the Ad-invariance of the metric on
LG, descends to a well-defined function on the base manifold M . The Yang-Mills
action functional is

(2.10) SYM(ω) =
1

2g2

∫

M

〈Ωω,Ωω〉 dvol

where the integration is with respect to the volume induced by the metric on M .
The parameter g is a physical quantity which we will refer to as the coupling
constant. The Yang-Mills equations are the variational equations for this action.

A gauge transformation is a diffeomorphism

φ : P → P

which preserves each fiber and is G-equivariant:

π ◦ φ = φ and Rg ◦ φ = φ ◦Rg for all g ∈ G.

The gauge transformation φ is specified uniquely through the function gφ : P → G,
given by

(2.11) φ(p) = pgφ(p), for all p ∈ P ,

which satisfies the equivariance condition

gφ(ph) = h−1gφ(p)h, for all p ∈ P and h ∈ G.

Conversely, if a smooth function g : P → G satisfies g(ph) = h−1g(p)h for all p ∈ P
and h ∈ G, then the map

(2.12) φg : p 7→ pg(p)

is a gauge transformation. The group of all gauge transformations is usually denoted
G; note that the group law of composition corresponds to pointwise multiplication:
gφ◦τ = gφgτ . If o ∈ M is a basepoint on M , it is often convenient to consider
Go, the subgroup of G, which acts as identity on π−1(o). The group G acts on the
infinite dimensional affine space A of all connections by pullbacks:

(2.13) A× G → A : (ω, φ) 7→ φ∗ω = ωgφ
def
= Ad

(

g−1φ
)

ω + g−1φ dgφ

The Yang-Mills action functional and physical observables such as the Wilson loop
observables are all gauge invariant.

Gauge groups of interest in physics are products of groups such as U(N) and
SU(N), for N ∈ {1, 2, 3}. In the case of the electromagnetic field, G = U(1) and
the connection form is ω = i e

~
A, where A is the electromagnetic potential, ~ is

Planck’s constant divided by 2π, and e is the charge of the particle (electron) to
which the field is coupled. The curvature Ωω descends to an ordinary 2-form on
spacetime, and corresponds to e

~
times the electromagnetic field strength form F .

Moving from the classical theory of the gauge field to the quantum theory leads
to the consideration of functional integrals of the form

∫

A

f(ω)e−SYM(ω)Dω,
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where f is a gauge invariant function such as the product of traces, in various rep-
resentations, of holonomies around loops. The integral can be viewed as being over
the quotient space A/G. Here the base manifold M is now a Riemannian manifold
rather than Lorentzian (for the latter, the functional integrals are Feynman func-
tional integrals, having an i in the exponent). More specifically, one would like to
compute, or at least gain an understanding of, the averages:

(2.14) W (C1, ...Ck) =
1

Zg

∫

A/G

k
∏

j=1

Tr (h(Cj ;ω)) e
−SYM(ω)[Dω],

with [Dω] denoting the formal ‘Lebesgue measure’ on A pushed down to A/G.
Here the traces may be in different representations of the group G. The formal
probability measure µg on A/G, or on A/Go, given through

(2.15) dµg([ω]) =
1

Zg
e
− 1

2g2
||Ωω||2

L2 [Dω],

is usually called the Yang-Mills measure.
These integrals can be computed exactly when dimM = 2, as we will describe

in the following section, and the Yang-Mills measure then has a rigorous definition.

3. Wilson loop integrals in two dimensions

The Yang-Mills action is, on the face of it, quartic in the connection form ω.
However, when we pass to the quotient A/G, a simplification results when the base
manifold M is two dimensional. This is most convincingly demonstrated in the
case M = R

2. In this case, for any connection ω we can choose, for instance, radial
gauge, a section

sω : R
2 → P

(a smooth map with π◦sω(x) = x for all points x ∈ R
2) which maps each radial ray

from the origin o into an ω-horizontal curve in P emanating from a chosen initial
point u ∈ π−1(o). Then let Fω be the LG-valued function on R

2 specified by

(3.1) ω 7→ s∗ωΩ
ω = Fωdσ,

where σ is the area 2-form on R
2. Then

ω 7→ Fω

identifies A/Go with the linear space of smooth LG-valued functions on R
2 and

the Yang-Mills measure becomes the well-defined Gaussian measure on the space
of functions F given by

(3.2) dµg(F ) =
1

Zg
e
− 1

2g2
||F ||2

L2 DF

This measure lives on a completion of the Hilbert space of LG-valued L2 functions
on the plane, and the corresponding connections are therefore quite ‘rough’. In
particular, the differential equation defining parallel transport needs to be rein-
terpreted as a stochastic differential equation. The holonomy h(C;ω) (basepoint
fixed at u once and for all) is then a G-valued random variable. The Wilson loop
expectation values work out explicitly using two facts:



6 AMBAR N. SENGUPTA

• If C is a piecewise smooth simple closed loop in the plane C then the ho-
lonomy h(C) is a G-valued random variable with distribution Qg2S(x)dx,
where S is the area enclosed by C, and Qt(x) is the solution of the heat
equation

∂Qt(x)

∂t
=

1

2
∆Qt(x), lim

t↓0

∫

G

f(x)Qt(x) dx = f(e),

for all continuous functions f on G, with dx being unit mass Haar measure
on G, and ∆ is the Laplacian operator on G with respect to the chosen
invariant inner product.

• If C1 and C2 are simple loops enclosing disjoint planar regions then h(C1)
and h(C2) are independent random variables.

In the simplest case, for a simple closed loop C in the plane,

(3.3)

∫

f
(

h(C)
)

dµg =

∫

G

f(x)Qg2S(x) dx

with S denoting the area enclosed by C. In particular, for the group G = U(N),

(3.4) WN (C) = e−Ng
2S/2

where

WN (C) =

∫

1

N
Tr
(

h(C)
)

dµg.

Now consider the case where M = Σ, a closed oriented surface with Riemann-
ian structure. We will follow Lévy’s development [38] of the discrete Yang-Mills

measure. Let π : G̃ → G : x̃ 7→ x be the universal covering of G. Let G be a
triangulation of Σ, or a graph, with V the set of vertices, E the set of (oriented)
edges, and F the set of faces. We assume that each face is diffeomorphic to the unit
disk, and the boundary of each face is a simple loop in the graph. Following Lévy
[38], define a discrete connection over G to be a map h̃ : E → G̃ satisfying

(3.5) π
(

h̃(e−1)
)

= π
(

h̃(e)
)−1

for every edge e ∈ E

where e−1 denotes the edge e with reversed orientation. One should interpret
h̃(e) as the parallel transport along edge e of a continuum connection lifted to G̃
appropriately. Let

AG

be the set of all such conections over G. Note that this is naturally a subset of G̃E,
and indeed can be viewed as G̃E+ , where E+ is the set of edges each counted only
once with a particular chosen orientation; in particular, we have a unit mass Haar
product measure on AG. Define the discrete Yang-Mills measure µYMg for the graph
G, by requiring that for any continuous function f on AG, we have

(3.6)

∫

AG

f dµYMg =
1

Zg

∫

f(h)
∏

F∈F

Qg2|F |
(

h̃(∂F )
)

dh,

where |F | is the area of the face F according to the Riemannian metric on Σ, and
Zg a normalizing constant to ensure that µYMg (AG) is 1. This is the discrete Yang-

Mills measure for connections over all principal G̃-bundles over Σ. However, when
G is not simply connected there are different topological classes of bundles, each
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specified through an element z ∈ ker(G̃ → G). For such z, again following Lévy
[38],

(3.7) AzG = {h̃ ∈ AG :
∏

e∈E+

h̃(e)h̃(e−1) = z}

corresponds to the set of connections on the principal G-bundle over Σ classified
topologically by z. The Yang-Mills measure µYMz,g on Az

G
is then simply

(3.8) dµYMz,g (h̃) = cz1Az
G
(h̃)dµYMg (h̃),

where cz is again chosen to normalize the measure to have total mass 1. A key
feature of the discrete Yang-Mills measure is that it is unaltered by subdivision of
faces (plaquettes), which is why we do not need to index µYMg by the graph G; this
invariance was observed by Migdal [42] in the physics literature. Lévy [36, 38]
constructed a continuum measure from these discrete measures and showed that
the continuum measure thus constructed agrees with that constructed in [46]. The
continuum construction of the Yang-Mills measure relies on earlier work by Driver
[19] and others [25]; a separate approach to the continuum Yang-Mills functional
integral in two dimensions was developed by Fine [20, 21] (see also Ashtekar et al.
[5]).

The normalizing factor which appears in the loop expectation values is given,
for a simply connected group G and a closed oriented surface of genus γ, by

(3.9)

∫

G2γ

Qg2S
(

Kγ(x)
)

dx

where Kγ is the product commutator function

(3.10) Kγ(a1, b1, ..., aγ , bγ) = b−1γ a−1γ bγaγ ...b
−1
1 b−11 b1a1

which plays the role of ‘total curvature’ of a discrete connection whose holonomies
around 2γ standard generators of π1(Σ) are given by a1, b1, ..., aγ , bγ .

4. Yang-Mills on surfaces and Chern-Simons: the symplectic limit

In this section we will describe how Yang-Mills theory on surfaces fits into a
hierarchy of topological/geometric field theories in low dimensions. For a detailed
development of Chern-Simons theory from the point of view of topological field
theory we refer to Freed [22] from which we borrow many ideas, and some notation,
here. Most of our discussion below applies to trivial principal bundles (see [23]
for non-trivial bundles). In Albeverio et al. [4], the relationship between the
Chern-Simons and Yang-Mills systems was explored using the method of exterior
differential systems of Griffiths [24] in the calculus of variations.

One of our purposes here is to also verify that the ‘correct’ (from the Chern-
Simons point of view) inner-product on the Lie algebra of the gauge group SU(N)
to use for two-dimensional Yang-Mills is independent of N . This is a small but
significant fact when considering the large N limit of the Yang-Mills theory.

4.1. From four dimensions to three: the Chern-Simons form. Let
PW → W be a principal G-bundle over a manifold W . Then for any connection ω
on PW we have the curvature 2-form Ωω which gives rise to an LG ⊗ LG-valued
4-form by wedging

Ωω ∧ Ωω
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Now consider a metric 〈·, ·〉 on LG which is Ad-invariant. This produces a 4-form

〈Ωω ∧ Ωω〉

which, by Ad-invariance, descends to a 4-form onW which we denote again by 〈Ωω∧
Ωω〉. The latter, a Chern-Weil form, is a closed 4-form and specifies a cohomology
class in H4(W ) determined by the bundle PW → W (independent of the choice of
ω).

The Chern-Simons 3-form cs(ω) on the bundle space PW is given by

(4.1) cs(ω) = 〈ω ∧ dω +
1

3
ω ∧ [ω ∧ ω]〉 = 〈ω ∧ Ωω −

1

6
ω ∧ [ω ∧ ω]〉

Here wedge products of LG-valued forms, and expressions such as [ω ∧ ω], may be
computed by expressing the forms in terms of a basis of LG and ordinary differential
forms. For example, writing ω as

∑

a ω
aEa, where {Ea} is a basis of LG, the 2-

form [ω∧ω], whose value on a pair of vectors (X,Y ) is 2[ω(X), ω(Y )], is
∑

a,b ω
a ∧

ωb[Ea, Eb]. If LG is realized as a Lie algebra of matrices, then [ω ∧ω] works out to
be 2ω ∧ ω, this being computed using matrix multiplication.

The fundamental property [13] of the Chern-Simons form is that its exterior
differential is the closed 4-form 〈Ωω ∧ Ωω〉 on the bundle space:

(4.2) dcs(ω) = 〈Ωω ∧ Ωω〉

Unlike the Chern-Weil form, cs(ω) does not descend naturally to a form on W , i.e.
if s : W → PW is a section then s∗cs(ω) depends on s. If g : P → G specifies a
gauge transformation p 7→ pg(p) then a lengthy but straightforward computation
shows that

(4.3) cs(ωg)− cs(ω) = d〈ω ∧ (dg)g−1〉 −
1

6
〈g−1dg ∧ [g−1dg ∧ g−1dg]〉

If we split a closed oriented 4-manifold W into two 4-manifolds W1 and W2,
glued along a compact oriented 3-manifold Y , and if PW admits sections s1 over
W1 and s over W2, then

(4.4)

∫

W

〈Ωω ∧ Ωω〉 =

∫

Y

(

s∗1cs(ω)− s
∗cs(ω)

)

Now the sections s1 and s are related by a gauge transformation g specified through
a smooth map

(4.5) g̃ : Y → G

in the sense that (notation as in (2.11) and (2.12))

(4.6) s1(y) = s(y)g̃(y) = φg(s(y)), for all y ∈ Y .

Then, after using Stokes’ theorem, the term on the right in (4.4) works out to

(4.7) −
1

6

∫

Y

g̃∗σ

where σ is the 3-form on G given by

(4.8) σ = 〈h−1dh ∧ [h−1dh ∧ h−1dh]〉,

with h : G → G being the identity map. By choosing the metric on LG appro-
priately, we can ensure that this quantity is always an integer times (a convenient



GAUGE THEORY IN TWO-DIMENSIONS: TOPOLOGICAL, GEOMETRIC AND PROBABILISTIC ASPECTS9

normalizing factor) 8π2. For example, if G = SU(2), and the inner-product on LG
given by

(4.9) 〈H,K〉 = −Tr(HK),

computation of the volume of SU(2) shows that

(4.10)

∫

SU(2)

σ = −48π2

(The sign on the right just fixes an orientation for SU(2).) This computation can
be worked out conveniently through the 2-to-1 parametrization of SU(2) given by
h = kφaθkψ, with (φ, θ, ψ) ∈ (0, 2π)× (0, π)× (0, 2π), where

kt =

(

eit 0
0 e−it

)

and

aθ =

(

cos θ2 i sin θ
2

i sin θ
2 cos θ2

)

Putting all this together we see that

(4.11)

∫

W

[

1

8π2
s∗cs(ωg)−

1

8π2
s∗cs(ω)

]

= −

∫

Y

1

48π2
g̃∗σ ∈ Z

More generally, we assume that the metric 〈·, ·〉 is such that

1

8π2
〈Ωω ∧ Ωω〉

is an integer cohomology class for every closed oriented four-manifold W (this con-

dition can be restated more completely in terms of the classifying space BG̃; see
Witten [57]). For instance, for G = SU(N), the properly scaled metric is (according
to Witten [57]):

(4.12) 〈H,K〉 = −Tr(HK)

Let

(4.13) CS(s, ω) =
1

8π2

∫

Y

s∗cs(ω)

where s : Y → P is a smooth global section (assumed to exist); the discussions
above show that when s is altered, CS(ω) is changed by an integer. Thus, for any
integer k ∈ Z, the quantity

(4.14) e2πkiCS(s,ω) ∈ U(1)

is independent of the section s, and thus gauge invariant.

4.2. From three dimensions to two: the U(1) bundle over the space

of connections on a surface. Now consider a compact oriented 3-manifold Y
with boundary X, a closed oriented 2-manifold. We follow Freed’s approach [22].
We assume that G is connected, compact, and simply connected; a consequence is
that a principal G-bundle over any manifold of dimension ≤ 3 is necessarily trivial.
For any smooth sections s1, s : Y → P , with s1 = sg̃, we have on using (4.3) and
notation explained therein,

(4.15)

∫

Y

s∗cs(ωg)−

∫

Y

s∗cs(ω) =

∫

X

〈s∗ω ∧ (dg̃)g̃−1〉 −

∫

Y

1

6
g̃∗σ
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Let

(4.16) CS(s, ω) =
1

8π2

∫

Y

s∗cs(ω)

Then, for any integer k,

(4.17) e2πkiCS(sg,ω) = e2πkiCS(s,ω)φsg,s(ω)

where

(4.18) φsg̃,s(ω) = e2πki[
1

8π2

∫

X
〈s∗ω∧(dg̃)g̃−1〉−

∫

Y
1

48π2 g̃
∗σ]

The second term in the exponent on the right is determined, due to integrality of
σ, by g̃|X, and is independent of the extension of g̃ to Y . Thus

φsg̃,s(ω) is determined by s, ω, and g̃ on the two-manifold X.

These data specify a principal U(1) bundle over the space AX of connections on the
bundle PX → X (restriction of P over X), as follows. Let I be the set of all smooth
sections s : X → PX . Taking this as indexing set, if s1, s ∈ I then, denoting by
g̃ : X → G the function for which s1 = sg̃, we define φs1,s as above. Thus, φs1,s(ω)
is given by

(4.19) φs1,s(ω) = e2πkiCS(s1,ω)e−2πkiCS(s,ω),

where, on the right, the Chern-Simons actions are computed for extensions of s∗ω
and s∗ωg over a 3-manifold Y whose boundary is X. If a different 3-manifold Y ′ is
chosen then the value of φs1,s(ω) remains the same, because it gets multiplied by

e2πkiCSY ′∪−Y (s1,ω)e−2πkiCSY ′∪−Y (s,ω),

with obvious notation, and we have seen that this is 1. The expression (4.19) makes
it clear that {φs1,s}s,s1∈I satisfies the cocycle condition (2.1) and thus specifies a
principal U(1)-bundle over the space AX of connections on PX → X.

Note that the integrality condition on k (which goes back to the integrality
property of the inner-product on LG) is what leads to the U(1) bundle.

The principal U(1)-bundle constructed along with the natural representation
of U(1) on C, yields a line bundle L over AX , as described more generally in the
context of (2.2). If Y is a 3-manifold with boundary X then for any connection ω
on the bundle over Y , we have a well-defined element

(4.20) e2πkiCS(ω)
def
= [s, e2πkiCS(s,ω)]

in the U(1)-bundle over AX in the fiber over ω|X. In this way (following Freed
[22]), the exponentiated Chern-Simons action over an oriented 3-manifold Y with

boundary X appears as a section of the line bundle L over AX .

4.3. Connection on the U(1) bundle over the space of connections.

The method of geometric quantization also requires a connection on the U(1)-
bundle (over phase space). The connection is here generated again using the Chern-
Simons action. Let

[0, 1]→ AX : t 7→ ωt

be a path of connections, such that (t, p) 7→ ωt(p) is smooth. Then this specifies a
connection ω on the bundle

[0, 1]× P → [0, 1]×X
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in the obvious way (parallel transport in the t direction is trivial). We define parallel
transport along the path t 7→ ωt over AX geometrically as follows: consider any
3-manifold Y with boundary X, and a principal G-bundle PY → Y with connection
ω0,Y which restricts to the given bundle over X and ω0, and similarly consider ω1,Y ;

then parallel-transporting e2πkiCS(ω0,Y ) along the path will yield

e2πkiCS(ω1,Y )e2πkiCS(ω̃)

where ω̃ is the connection over (Y ) ∪ (X × [0, 1]) ∪ (−Y ), glued along X, obtained
by combining ω, ω0,Y and ω1,Y . In terms of a trivialization of the bundle specified
through a section s of P over X, parallel transport is given by multiplication by

(4.21) e2πkiCS(s̃,ω̃)

where s̃ is the induced trivialization of [0, 1] × P → [0, 1] × X. Observe that
(indicating by the subscript X the differential over X)

ds̃∗ω̃ = dXs
∗ωt + dt ∧

∂s∗ωt
∂t

.

A simple computation then shows

(4.22) CS(s̃, ω̃) = −
1

8π2

∫

[0,1]

(
∫

X

〈

ωt ∧
∂ωt
∂t

〉)

∧ dt.

Viewing the Lie algebra of U(1) as iR, the parallel transport for a U(1) connection
along a path is e−P , where P is the integral of the connection form along the path,
we see that the connection form θ on the U(1) bundle over AX is given explicitly
by

(4.23) θ|ω(A) = 2πi
k

8π2

∫

X

〈ω ∧A〉 ,

for any connection ω ∈ AX and any vector A tangent to AX at ω (such an A is
simply an LG-valued 1-form on P which vanishes on vertical vectors and satisfies
R∗
gA = Ad(g−1)A for every g ∈ G). The curvature of this is given by the iR-valued

2-form Θ = dθ specified explicitly on AX by

Θ(A,B) = A
(

Θ(B)
)

−B
(

Θ(A)
)

(where A and B are treated as ‘constant’ vector fields on the affine space AX).
This yields

(4.24) Θ(A,B) = 2πi
k

4π2

∫

X

〈A ∧B〉

for allA,B ∈ TωAX . In keeping with the Bohr-Sommerfeld quantization conditions,
we should consider the the symplectic form

(4.25)
1

2πi
Θ =

k

4π2

∫

X

〈A ∧B〉

This is precisely, with correct scaling factors, the symplectic structure used by
Witten [equation (2.29) in [57]] with k = 1.

In the context of geometric quantization it is more common to consider the
Hermitian line bundle associated to the principal G-bundle over AX constructed
here, and view the connection as a connection on this line bundle. From this point
of view one might as well simply consider the case k = 1, since the case of general
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k ∈ Z arises from different representations of U(1), i.e. are tensor powers of the
k = 1 line bundle (and its conjugate).

4.4. From Chern-Simons to Yang-Mills on a surface. The original gauge
invariance of e2πkiCS(ω) transfers to an easily-checked gauge invariance of the sym-
plectic structure Θ on the space of connections. Thus, we have the group G of
all gauge transformations acting symplectically on the affine space AX . As is well
known, this action has a moment map:

(4.26) J : AX → (LG)∗ : ω 7→
k

4π2
Ωω

where we have identified the dual of the infinite dimensional Lie algebra LG with
the space of LG-valued Ad-equivariant functions on the bundle space P . This fact
is readily checked using Stokes’ theorem:

〈J ′(ω)A,H〉 =
k

4π2

∫

X

〈(dA+ [ω ∧A]), H〉 =
1

2πi
Θ(A, dH + [ω,H])

The Yang-Mills action now can be seen as the norm-squared of the moment map:

(4.27) SYM(ω) =
1

2g2
||
4π2

k
J ||2

where ||J ||2 is computed as an L2-norm squared.
We have been discussing Chern-Simons theory in terms of its action, i.e. the

integral of the Lagrangian. The Hamiltonian picture works with the phase space,
i.e. the space of extrema of the Chern-Simons action. A fairly straightforward
computation shows that the extrema are flat connections. If we consider the 3-
manifold

Y = [0, T ]× Σ,

where Σ is a closed oriented surface, then the phase space, after quotienting out
the gauge symmetries, may be identified as the moduli space of flat connections
over Σ, which in turn is J−1(0)/G. It is a stratified space, with maximal stratum
M0 which is a symplectic manifold with symplectic structure induced by 1

2πiΘ. We

denote this symplectic structure by Ω when k is set to 1, i.e. it is induced by the
symplectic structure on AX given by

(4.28)
1

4π2

∫

X

〈A ∧B〉

4.5. The symplectic limit. The formal Chern-Simons path integral
∫

AY

e2πkiCS(ω)Dω

is naturally of interest in the quantization of Chern-Simons theory (for progress on
a rigorous meaning for Chern-Simons functional integrals see Hahn [29, 30]). The
path integral may be analyzed in the k →∞ limit by means of its behavior at the
extremal of CS, i.e. on the moduli space of flat connections. This is also what
results when we examine the limit of the Yang-Mills measure

1

Ng
e
− 1

2g2
||Ωω||2

Dω,

(with Ng a formal normalizing factor) for connections over the surface X, in the
limit g → 0.
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Formally, it is clear that the limiting measure, if it is meaningful, should live
on those connections where Ωω is 0, i.e. the flat connections. Quotienting by gauge
transformations yields the moduli space M0 of flat connections. For a compact
oriented surface Σ of genus γ ≥ 1, the fundamental group π1(Σ, o), where o is any
chosen basepoint, is generated by the homotopy classes of loops A1, B1, ..., Aγ , Bγ
subject to the constraint that the word B−1

γ A−1
γ BγAγ . . . B

−1
1 A−1

1 B1A1 is the iden-
tity in homotopy. Considering a (compact, connected,) simply connected gauge
group G (so that a principal G-bundle over Σ is necessarily trivial), each flat con-
nection is specified, up to gauge transformations, by the holonomies around the
loops Ai, Bi. In this way, M0 is then identified with the subset of G2γ , modulo
conjugation by G, consisting of all (a1, b1, ..., aγ , bγ) satisfying

b−1γ a−1γ bγaγ . . . b
−1
1 a−11 b1a1 = e.

Recalling our description of the Yang-Mills measure in terms of the heat kernel
Qt on G, we have the following result[49]:

Theorem 4.1. Consider a closed, oriented Riemannian two-manifold of genus

γ ≥ 2, and assume that G is a compact, connected, simply-connected Lie group,

with Lie algebra equipped with an Ad-invariant metric. Let f be a G-conjugation
invariant continuous function on G2γ , and f̃ the induced function on subsets of

G2γ/G. Then

(4.29) lim
t↓0

∫

G2γ

f(x)Qt
(

Kγ(x)
)

dx =
(2π)n

|Z(G)|vol(G)]2γ−2

∫

M0

f̃ dvolΩ,

where |Z(G)| is the number of elements in the center Z(G) of G, and volΩ is the

symplectic volume form 1
n!Ω

n
on the space M0 whose dimension is 2n = (2γ −

2) dimG.

With f = 1 this yields Witten’s volume formula (formula (4.72) in [58])

(4.30) volΩ
(

M0
)

=
|Z(G)|vol(G)]2γ−2

(2π)n

∑

α

1

(dimα)2γ−2

where the sum is over all non-isomorphic irreducible representations α of G. Spe-
cialized to G = SU(2), this gives the symplectic volume of the moduli space of
flat SU(2) connections over a closed genus γ surface to be the rational number
2γ−1

(2γ−2)! (−1)
γB2γ−2, where Bk is the k-th Bernoulli number. (Note that keeping

track of all the factors of 2π pays off in reaching this rational number!)

5. Concluding Remarks

We have given an overview of the geometric and topological aspects of two-
dimensional Yang-Mills theory and described how they relate to the Yang-Mills
probability measure.

Many physical systems involving a parameter N have asymptotic limiting forms
as N → ∞, even though such a limit may not have a clear physical meaning. For
the case of Yang-Mills gauge theory with gauge group U(N), the limit as N →∞
(holding g2N fixed, where g is the coupling constant) has been of particular interest
since the path breaking work of ‘t Hooft [54]. We refer to the recent review [50] for
more details on the largeN limit of Yang-Mills in two dimensions. A key observation
is that letting N →∞, while holding g̃2 = g2N fixed, yields meaningful finite limits
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of all Wilson loop expectation values. There is also good reason to believe (see
Singer [52]) that a meaningful N = ∞ theory also exists, possibly with relevance
to Yang-Mills gauge theory in higher dimensions as well. Free probability theory
(see, for instance, Voiculescu et al. [55] and Biane [9]) is likely to play a significant
role here.

The partition function for U(N) gauge theory on a genus γ surface is the
normalizing constant we have come across:

Zγ =
∑

α

(dimα)2−2γe−g̃
2Sc2(α)/(2N)

where the sum is over all distinct irreducible representations α of U(N), which may
be viewed as a sum over the corresponding Young tablueaux (which parametrize
the irreducble representations), and c2(α) is the quadratic Casimir for α. This
sum may be viewed naturally as a statistical mechanical partition function for a
system whose states are given by the Young tableaux. This point of view leads
to the study of Schur-Weyl duality for U(N) gauge theory (see, for example, [1])
and to the study of phase transitions in the parameter g̃2S as N ↑ ∞, viewed as a
thermodynamic limit.

The references below present a sample of relevant works, and does not aspire
to be a comprehensive bibliography.

Acknowledgment. The author thanks the anonymous referee for useful com-
ments. Research support from the U.S. National Science Foundation (Grant DMS-
0601141) is gratefully acknowledged.
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[11] N. Bralić, Exact Computation of Loop Averages in Two-dimensional Yang-Mills Theory,

Phys. Rev. D 22(12), (1980) 3090-3103.
[12] S. Cordes, G. Moore, and S. Ramgoolam, Lectures on 2-d Yang-Mills Theory, Equivariant

Cohomology, and Topological Field Theories, hep-th/9411210
[13] S. -S. Chern and J. Simons, Characteristic forms and geometric invariants, Annals of Math.

99, 48-69 (1974)

[14] S. de Haro, S. Ramgoolam, and A. Torrielli, Large N Expansion of q-Deformed Two-

Dimensional Yang-Mills Theory and Hecke Algebras, hep-th/0603056



GAUGE THEORY IN TWO-DIMENSIONS: TOPOLOGICAL, GEOMETRIC AND PROBABILISTIC ASPECTS15

[15] P. Deligne, P. Etingof, D. S. Freed, et al. (Editors) Quantum Fields and Strings: A Course

for Mathematicians Vols I and II, American Math. Soc. and Institute for Advanced Study

(1999).

[16] P.A.M. Dirac, Quantised Singularities in the Eletcromagnetic Field, Proc. Roy. Soc. Lond.

A 133 (1931), 60-72.

[17] M. R. Douglas, Large N Quantum Field Theory and Matrix Models, in Free Probability

Theory, D.-V. Voiculescu (Ed) Amer. Math. Soc. (1997).

[18] M. R. Douglas and V. A. Kazakov, Large N phase transition in continuum QCD2, Phys.

Lett. B 319 (1993), 219-230.

[19] B. K. Driver, Y M2 : Continuum Expectations, Lattice Convergence, and Lassos, Commun.

Math. Phys. 123 (1989), 575-616.

[20] D. Fine, Quantum Yang-Mills on the Two-Sphere, Commun. Math. Phys. 134 (1990), 273-

292.

[21] D. Fine, Quantum Yang-Mills on a Riemann Surfaces, Commun. Math. Phys. 140 (1991),

321-338.

[22] D. Freed, Classical Chern-Simons Theory, Part I, Adv.Math. 113 (1995) 237-303.

[23] D. Freed, Classical Chern-Simons Theory, Part II, available at

http://www.ma.utexas.edu/users/dafr/
[24] P. A. Griffiths, Exterior Differential Systems and the Calculus of Variations. Birkhäuser

Boston, 1983.

[25] L. Gross, C. King, and A. Sengupta, Two Dimensional Yang-Mills Theory via Stochastic

Differential Equations, Ann. Phys.(N.Y.) 194 (1989), 65-112.

[26] D. Gross, Two-dimensional QCD as a String Theory, Nucl. Phys. B 400, 161-180 (1993).
[27] D. Gross and W. I. Taylor, Two-dimensional QCD is a String Theory, Nucl. Phys. B 400,

181-210 (1993).
[28] D. Gross and W. Taylor, Twists and Wilson loops in the string theory of two-dimensional

QCD, Nucl. Phys. B 403, 395-452 (1993).

[29] A. Hahn, Chern-Simons models on S2
× S1, torus gauge fixing, and link invariants I, J.

Geom. Phys. 53 (3), 275-314 (2005)
[30] A. Hahn, The Wilson loop observables of Chern-Simons theory on R3 in axial gauge, Com-

mun. Math. Phys. 248 (3), 467-499 (2004)
[31] V. A. Kazakov, Wilson Loop Average for an Arbitrary Contour in Two-dimensional U(N)

Gauge Theory, Nucl. Phys. B 179, 283-292. (1981).
[32] V. A. Kazakov and I. K. Kostov, Nonlinear Strings in Two-dimensional U(∞) Gauge Theory

Nucl. Phys. B176, 199-215(1980).

[33] V. A. Kazakov and I. K. Kostov, Computation of the Wilson Loop Functional in Two-

dimensional U(∞) Lattice Gauge Theory Phys. Lett. 105B (6), 453-456 (1981).
[34] T.P. Killingback, Quantum Yang-Mills Theory on Riemann Surfaces and Conformal Field

Theory, Physics Letters B 223, 357-364 (1989).
[35] S. Klimek and W. Kondracki, A Construction of Two-Dimensional Quantum Chromody-

namics, Commun. Math. Phys. 113, 389-402 (1987).
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