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1 Introduction

Consider a principal bundle π : P → Σ over a closed surface Σ with structure
group G, a compact connected semisimple Lie group whose Lie algebra LG is
equipped with an Ad–invariant metric. Denote the space of connections on P
by A, the group of bundle equivalences (gauge transformations) φ : P → P
by G, and by Go the subgroup of G consisting of all φ which fix, pointwise, the
fiber over a point o ∈ Σ. For each t > 0, there is, informally, a probability
measure µt, the Yang–Mills measure on A/Go given by the formal expression

dµt([ω]) =
1

Zt

e−SYM(ω)/t[Dω]

where Zt is a “normalization constant” , [Dω] is the infinite–dimensional
formal Lebesgue measure on A pushed down to A/G, and SYM is the Yang–
Mills action functional. The rigorous version of this measure lives on a larger
space A/Go, which may be viewed as a “completion” of A/Go. If C is a nice
enough loop on Σ, based at o, then there is a G–valued random variable ω 7→
h(C;ω), on A/Go, which corresponds to the holonomy of the “connection” ω
around the loop o, starting off at some chosen initial point in the fiber over
over o.

Now consider surfaces Σ1 and Σ2, with boundary components ∂1Σi, ..., ∂rΣi,
where i = 1, 2. Let c = (c1, ...cr) ∈ Gr. Then for each surface Σi there is a
Yang–Mills measure µc

t with boundary values (h(∂1Σi;ω), ..., h(∂rΣi;ω)) = c.
To keep the notation from getting out of hand, we do not label µc

t by Σi.
Formally, µc

t for the surface Σi is specified by

dµc
t(ω) =

r
∏

j=1

δ(h(∂jΣi;ω)c
−1
j )dµt(ω)
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where µt on the right is also for Σi.
Suppose now that the closed surface Σ is formed by pasting the two

surfaces Σ1 and Σ2 along the boundary components. Our objective in this
article is to prove a rigorous result which can be informally stated as

∫

f1(ω|Σ1)f2(ω|Σ2) dµt(ω) =
∫

Gr

[
∫

f1 dµ
c
t

] [
∫

f2 dµ
c−1

t

]

dc (1)

where f1 and f2 are functions on the space of connections over Σ1 and Σ2,
respectively, and the notation has the obvious meaning.

There may actually be several topologically distinct principal G–bundles
over Σ. If we sew the bundles over Σ1 and Σ2 along particular sections over
the boundary components, we obtain a bundle of a particular topological type
over Σ. A more refined version of (1) is then needed and it is this refined

form of (1) that we shall prove as Theorem 1, our main result.
A principal G–bundle over Σ is characterized topologically by an element

z in a covering group Ĝ of G, and the corresponding Yang–Mills measure is
indexed by this z: µz

t . The more refined version of (1) would have integration
with respect to µz

t on the left side. On the right it is then necessary to consider
bundles with structure group Ĝ, and boundary values in Ĝ.

We prove the refined version of (1) for functions of holonomies around
nice enough loops. For this case, the argument essentially involves measures
induced by the Yang–Mills measures on finite–dimensional spaces. We avoid
a lengthy account (for which see [6]) of how exactly the infinite–dimensional
measures µz

t , µ
c
t induce the finite–dimensional measures and carry out our

rigorous work in a self–contained way in the finite–dimensional setting of the
discrete Yang–Mills measure.

The case where we do not pick out bundles of specified topologies was
dealt with in [2].

2 The discrete Yang–Mills measure

The discrete Yang–Mills measure corresponds to a particular type of lattice
gauge theory. The immediate antecedents of the measure discussed below lie
in the works of Migdal [5], Witten [9], Albeverio et al. [1] and Driver [3].
For additional references, we refer to Witten’s classic papers [9, 10]. The role
of the heat kernel, not explicit in the physics literature, was brought out in
Driver [3] and Fine [4]. The papers [6, 7] prove how the discrete Yang–Mills
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measure is induced by the continuum Yang–Mills measure (which is defined
on an infinite–dimensional space).

In this section Ĝ is a compact topological group, Z is a finite subgroup of
the center of Ĝ, and p : Ĝ→ G = Ĝ/Z : x̂ 7→ x, the quotient homomorphism.
We work with a “heat kernel” function Q̂s(x̂), for s > 0 and x̂ ∈ Ĝ, which is
positive, conjugation invariant, satisfies Q̂s(x̂

−1) = Q̂s(x̂), and
∫

Ĝ Q̂s(x̂) dx̂ =

1, where dx̂ is the unit–mass Haar measure on Ĝ. Induced on G is the heat
kernel function

Qs(x) =
1

#Z

∑

x̂∈p−1(x)

Q̂s(x̂)

If f is a continuous function on G then integration of f against the unit-mass
Haar meaure dx on G is given by

∫

G
f(x) dx =

∫

Ĝ
f(x) dx̂

where, on the right, as usual, x is the projection of x̂ ∈ Ĝ on G.
In our applications, G is a compact, connected semisimple Lie group with

an Ad-invariant metric on its Lie algebra. The heat kernel function Qs(x),

defined for (s, x) ∈ (0,∞)×G, satisfies the heat equation ∂Qs(x)
∂s

= 1
2
∆GQs(x),

where ∆G is the Laplacian onG, and the initial condition lims→0+

∫

GQs(y)f(y) dy =
f(e), for every continuous function f on G, with dy being unit mass Haar
measure on G and e the identity in G.

We work with a simplicial complex T . Let ET be the set of all oriented
1–simplices of T , and VT the set of all 0–simplices of T .

The space of connections over T is

AT = {all maps x : ET → G with x(e) = x(e)−1} (2)

where e is the orientation-reverse of the 1–simplex e. If κ is a path in T , i.e. a
sequence of consecutive oriented 1–simplices am...a1, and x ∈ AT with each ai
ending where ai+1 begins, we write x(κ) to mean the product x(am)....x(a1).
This should be thought of as parallel-transport by x along κ.

The group of gauge transformations is the product group

GT = {all maps θ : VT → G} = GVT (3)

This group acts on AT by:
(x, θ) 7→ xθ
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where, for any edge e running from a vertex a to a vertex b,

xθ(e) = θ(b)−1x(e)θ(a)

For each 2–simplex ∆, assume given a positive number |∆| (the “area”
of ∆). Also fix a positive parameter t > 0. The discrete Yang-Mills measure
νt is the measure on AT given by

dνt(x) =
∏

∆

Qt|∆|(x(∂∆)) dx(e1)...dx(eM) (4)

where e1, ..., eM , e1, ..., eM are all the distinct oriented 1–simplices of T , the
product

∏

∆ runs over all 2–simplices ∆ of T , and each dx(ei) is unit mass
Haar measure on G. Since Qt is conjugation invariant and also invariant
under inverses (Qs(y) = Qs(y

−1)), νt is independent of the choice of initial
point and orientation on each ∆. A probability measure on AT is obtained
by dividing by the normalizing factor νt(AT ).

There are two important properties of νt to be noted (proofs in [6]):

• νt is GT–invariant. This follows from the conjugation invariance of the
heat kernel function Qs.

• νt is invariant under subdivisions. More precisely, consider a simplicial
complex T ′ obtained by subdividing some (or all) of the two-simplices
of T . There is a natural map pTT ′ : AT ′ → AT , defined in the obvious
way. Assume that new “areas” |∆′| are given for the 2–simplices of T ′

in such a way that if a 2–simplex ∆ of T is broken up into a number of
2–simplices of T ′ then the areas of the latter add up to the area of ∆.
Then pTT ′ carries the measure νt for T

′ to the measure νt for T . Thus
we can get away with not labelling νt by T . The subdivision-invariance
property of νt follows from the convolution property of the heat kernel:
Qs ∗Qu = Qs+u.

Assume now that T triangulates a connected 2–manifold. Let κ1, ..., κm

be loops in T , all based at some vertex o. The connected components of the
complement in Σ of the subset etched out by these loops are certain surfaces
with boundary. In [6] it is shown that for any bounded measurable function
f on Gm, the value of the integral

∫

AT
f(x(κ1), ..., x(κm)) dνt(x) depends on

the topologies (and total areas) of these surfaces. If T triangulates a closed
oriented surface of genus g ≥ 1, of “total area” A, then νt(AT ) works out to

∫

G2g
QtA(b

−1
g a−1g bgag . . . b

−1
1 a−11 b1a1) da1 . . . dbg
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where the dai and dbi are the unit mass Haar measure on G. An expansion
of the heat kernel in characters yields a concrete value for the “partition
function” νt(AT ).

Consider now the case where T triangulates a surface with r boundary
components L1, ..., Lr. Fix an element c = (c1, ..., cr) ∈ Gr. Let

AT (c) = {x ∈ A : x(L1) = c1, ..., x(Lr) = cr} (5)

On AT (c) the discrete Yang-Mills measure νc
t is given by

dνct (x) = δ(x(L1)c
−1
1 )...δ(x(Lr)c

−1
r ) dνt(x) (6)

The presence of the delta functions is to be interpreted as follows: when
integrating a function f , we compute

∫

f dνt except that in the integration
we pick one edge e∗i on each loop Li and set x(e∗i ) equal to a value that
ensures that x(Li) takes the specified value ci.

ie algebra, (iv) a compact covering group Ĝ→ G : x̂ 7→ x, and an element
z in the kernel of the covering projection.

There are various assumptions we need to make.
Assume that any two 2–simplices of T can be linked by a sequence of

2–simplices, consecutive ones of which share a common edge not shared with
any other 2-simplex. If T is orientable then fix an orientation on T (i.e.
choose a “positive” orientation for each 2–simplex, with adjacent simplices
assigning opposite orientations to the common edge). If T is not orientable
we assume that z = z−1. If T has non-empty boundary (i.e. there is an edge
which is in the boundary of exactly one 2-simplex) we assume that z is the
identity.

Denote by ÂT and ĜT the analogous spaces with Ĝ in place of G. Let
Q̂s(x̂) be the heat kernel on Ĝ, relative to an Ad-invariant metric on the
Lie algebra of G, normalized to

∫

Ĝ Q̂s(x̂) dx̂ = 1, where the integration is

with respect to unit-mass Haar measure on the compact group Ĝ. Pick any
2-simplex ∆∗ in T . Let ν̂z∆∗,t be the measure on ÂT given by

dν̂z∆∗,t(x̂) = Q̂t|∆∗|(x̂(∂∆∗)z)
′
∏

∆

Q̂t|∆|(x̂(∂∆)) dx̂(e1)...dx̂(eM) (7)

where e1, ..., eM , e1, ..., eM are all the distinct oriented one-simplices of T , the
product

∏′
∆ runs over all 2–simplices ∆ of T excluding ∆∗, and each dx̂(ei)

is unit mass Haar measure on Ĝ. Then the projection ÂT → AT induces
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a measure νzt on AT . This measure is independent of the choice of the 2–
simplex ∆∗ used in the definition of ν̂z∆∗,t. The reason is that we can change
variables x̂(e∗) 7→ x̂(e∗)z

−1, where e∗ is any 1–simplex on ∆∗.
The measure νzt is GT–invariant, and also has the subdivision invariance

property explained in the context of νt. If T is orientable and the orientation
of T is reversed then νzt goes over to νz

−1

t .

3 Loop-expectations and boundary holonomies

In this section we prove a result which shows that for the Yang-Mills measure
over a surface with boundaryintegrals of the form

∫

AT
f dνt, with boundary

edge variables x(e) fixed, automatically involve the boundary holonomies
x(Li). Results of related interest are contained in [2] and [8].

In this section, T is a simplicial complex triangulating a surface (= a
compact, connected two–dimensional manifold) Σ with r boundary compo-
nents ∂1Σ, ..., ∂rΣ. Let L1, ..., Lr be loops in T which trace out the boundary
components ∂1Σ, ..., ∂rΣ, respectively. If Σ is oriented we equip the boundary
components with the induced orientation. The following assumption will be
crucial:

• if ∆ and ∆′ are two 2–simplices of T then there is a sequence ∆ =
∆1, ...,∆m = ∆′ of 2–simplices such that each ∆i−1 and ∆i share one
edge in common which is not shared with any other 2–simplex and is
also not on any of the loops Li .

Now let H be a topological group with bi–invariant unit–mass Haar mea-
sure, Z a subgroup contained in the center of H. If Σ is unorientable we

shall also assume that z = z−1 for every z ∈ Z.
Let AT be the space of connections on T with values in H.
Consider a continuous function f on AT which has the property that

f(x) = f(x′)

whenever x, x′ ∈ AT are such that x(e)−1x′(e) ∈ Z for every edge e.
For each 2–simplex ∆ fix a positive “area” |∆| > 0. We work with a

“heat kernel’ function Qs(x) > 0 on H satisfying

Qs(x
−1) = Qs(x), Qs(aba

−1) = Qs(b),
∫

H
Qs(h) dh = 1
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Let ∆1,∆1, ...,∆M ,∆M be all the oriented 2–simplices of T , where ∆i

denotes the orientation reverse of ∆i. We choose the labelling in such a way
that if Σ is orientable then ∆1, ...,∆N are all consistently oriented (in the
sense that a common edge is given opposite orientations by adjacent ∆i).

To each oriented 2–simplex ∆ associate an element z∆ ∈ Z, such that
z∆ = z−1∆ . Write zi for z∆i

.
Fix a parameter t > 0. For a given set of values x(e) ∈ H for all edges e

on the loops Li, subject to the usual restriction x(e) = x(e)−1, define

J(f) =
∫

f(x)
M
∏

i=1

Qt|∆i|(zix(∂∆i)) d
′x (8)

where d′x is
∏

e dx(e) with e running over the edges of T which do not lie on
the loops Li. Note that J(f) is a function of the x(e) for e on the loops Li.
Note also that the value of J(f) remains unchanged if some of the ∆i are
replaced by ∆i.

The definition (8) makes it appear that J(f) depends on each of the x(e)
for e on the loops Li. However, as we prove below, the dependence on these
x(e)’s is only through the boundary holonomies x(L1), ..., x(Lr).

Our main observation is:

Lemma 1 With notation and hypotheses as above, J(f) depends on the zi
only through their product z = z1...zM .

Assume now that f is GT –invariant. Then J(f) depends on {x(e)}e onLi

through the values ci = x(Li). In fact,

J(f) =
∫

AT (w1c1,...,wrcr)
f dν

(w1c1,...,wrcr)
t (9)

where w1, ..., wr are any elements of Z satisfying w1...wr = z1...zM .

Note that z is dependent on the choice of orientation for T , and becomes
z−1 if the orientation is reversed. If T is not orientable then, by hypothesis,
z = z−1.

Proof. Suppose ∆i and ∆j are adjacent and share an edge, not on any of
the loops Li, which appears as e in ∂∆i and as e in ∂∆j. In J(f), replace the
variable x(e) by z−1i x(e). Then using the invariance property assumed for
f and the translation invariance of the Haar measure dx(e), we see that zi
drops out of Qt|∆i|(zix(∂∆i)) and zj in Qt|∆j |(zjx(∂∆j)) becomes zizj instead.
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In this way, all the zi’s may be moved into any one of the ∆i’s, and appears
then as the full product z = z1...zM . Here we must use the hypothesis that
zi = z−1i if T is not orientable.

Once the zi’s have thus been moved “into” one particular 2–simplex, for
which they appear as the product z = z1...zM , we rewrite the products
as z = w1...wr, with each wi in Z (recall r is the number of boundary
components L1, ..., Lr). Then we may again redistribute the wi’s again among
the 2–simplices. We do so in such a way that wi appears “in” one chosen
2–simplex ∆Li

bordering on the loop Li, for each i = 1, ..., r.
Now we introduce an arbitrary gv ∈ H, one for each vertex v on each

loop Li, requiring that goi
= e, the identity in H for the base vertex oi of the

loop Li. Next set gv = e for all other vertices of T . Thus we have an element
g ∈ GT .

Let x2 = xg ∈ AT , i.e.

x2(e) = g(v2)
−1x(e)g(v1) if e = [v1, v2] (10)

Using the GT –invariance of f , conjugation invariance of Qs, and translation
invariance of Haar measure,

J(f) =
∫

f(x2)
M
∏

i=1

Qt|∆i|(εix2(∂∆i)) d
′x2 (11)

where εi is the identity except when ∆i is one of the special 2–simplices ∆Lj

bordering on one the loops Lj in which case εi is wj.
A crucial difference between this expression and the defining expression

for J(f) is that the integrand involves, implicitly, the arbitrary constants
gv ∈ H. Integrating both sides of equation (11) over each gv (which is not
set equal to the identity), and using

∫

H dgv = 1, we get

J(f) =
∫

f(x2)
M
∏

i=1

Qt|∆i|(εix2(∂∆i)) d
′x2

∏

v

dgv (12)

Here we change variables again: instead of the gv introduce, as variables, the
x2(e) for e running over the loops L1, ..., Lr, as defined by (10). However,
because we set goi

as the identity for the basepoint oi of Li, there would
be one more edge variable than vertex variable for each Li. To compensate
for this, we fix x2(e

∗
i ), for any one particular e∗i (not lying on the special

2–simplex ∆Li
) on each Li, by requiring that

x2(Li) = x(Li) = c
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(the first equality uses the fact that goi
is the identity.) The definition (10)

of the variables x2(e) in terms of the variables gv shows that, by translation
invariance of Haar measure, the integration

∏

v∈Li,v 6=oi
dgv in (12) can be

replaced by δ(x2(Li)c
−1
i )

∏

e∈Li
dx2(e). Thus

J(f) =
∫

AT f(x2)
M
∏

i=1

Qt|∆i|(εix2(∂∆i))
r
∏

j=1

δ(x2(Lj)c
−1
j ) dx2 (13)

This almost gives us the desired form for J(f). For one thing, it is already
clear that J(f) depends on the {x(e)}e∈L1,..,Lr

only through the elements
c1 = x(L1), ..., cr = x(Lr).

Now we move each wj over to the Lj–term to form wjcj. This is done by
picking any particular edge e of the special simplex ∆Lj

bordering on Lj and
replacing the variable x2(e) by w

−1
j x2(e). This transforms J(f) into

∫

AT

f(y)
M
∏

i=1

Qt|∆i|(y(∂∆i))
r
∏

j=1

δ(y(Li)w
−1
j c−1j ) dy

which is
∫

AT (w1c1,...,wrcr)
f dν

(w1c1,...,wrcr)
t .

4 Sewing Yang-Mills measures

In this section Ĝ is a compact topological group, Z is a finite subgroup of
the center of Ĝ, and p : Ĝ→ G = Ĝ/Z : x̂ 7→ x the quotient homomorphism.
We work with a “heat kernel” function Q̂s(x̂), for s > 0 and x̂ ∈ Ĝ, which is
positive, conjugation invariant, satisfies Q̂s(x̂

−1) = Q̂s(x̂), and
∫

Ĝ Q̂s(x̂) dx̂ =

1, where dx̂ is the unit–mass Haar measure on Ĝ. Induced on G is the heat
kernel function

Qs(x) =
1

#Z

∑

x̂∈p−1(x)

Q̂s(x̂)

If f is a continuous function on G then integration of f against the unit-mass
Haar meaure dx on G is given by

∫

G
f(x) dx =

∫

Ĝ
f(x) dx̂

where, on the right, as usual, x is the projection of x̂ ∈ Ĝ on G.
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Let Σ1 and Σ2 be compact surfaces (compact, connected, two–dimensional
manifolds), each with r boundary components ∂1Σj, ..., ∂rΣj, for j = 1, 2. Let
Σ be the surface obtained by pasting the boundary compnent ∂iΣ1 with ∂iΣ2,
for each i = 1, ..., r. If Σ is orientable, then we equip it with an orientation,
equip each Σj and the corresponding boundary components with the induced
orientations. Even when Σ is not orientable, we orient the boundary com-
ponents in such a way that ∂iΣ1 and ∂iΣ2 are oppositely oriented loops, for
i = 1, .., r.

We need to make the following important assumption:

if Σ is not orientable then z = z−1 for every z ∈ Z (14)

Theorem 1 Assume notation and hypotheses as above. Let z1, ..., zr ∈ Z
and z = z1...zr. Let f1 be a continuous GT1

–invariant function on AT∞, and

f2 a continuous GT2
–invariant function on AT2

. Let f be the function on AT

given by

f(x) = f1(x|T1)f2(x|T2)

Then

∫

AT

f dνzt =
∫

Ĝr

[

∫

AT1
(z1c1,...,zrcr)

f1 dν
(z1c1,...,zrcr)
t

∫

AT2
(c−1

1
,...,c−1

r )
f2 dν

(c−1
1

,...,c−1
r )

t

]

dc1...dcr

(15)
The connection spaces on the right are for Ĝ–valued connections.

Proof. Label the oriented 2–simplices of T as ∆1,∆1, ...,∆M ,∆M , where
the bar indicates orientation reverse. If Σ is orientable, then we choose the
labeling in such a way that ∆1, ...,∆M are consistently oriented, and we set
T + = {∆1, ...,∆M}. The set of all simplices of T + in Ti will be denoted T

+
i .

The definition (7) of νzt shows that

∫

AT

f dνzt =
∫

J1(f1)J2(f2) dLx̂ (16)

where dLx̂ is the part of
∏

e dx̂e which comes from the simplices e on the loops
L1, ..., Lr, and Ji(fi) are functions of the variables {x(e)}e∈L1,...,Lr

given as
follows:

J1(f1) =
∫

f1(x|T1)
∏

∆∈T +
1

Q̂t|∆|(ε∆x̂(∂∆)) d
′
1x̂
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with all ε∆ equal to the identity except for one, which is equal to z, and d′1x̂
is the part of

∏

e dx̂e coming from all edges e in T1 not on any of the loops
Li. On the other hand,

J2(f2) =
∫

f2(x|T2)
∏

∆∈T +
2

Q̂t|∆|(x̂(∂∆)) d
′
2x̂

with an analogous meaning for d′2x̂.
By Lemma 1,

J1(f1) =
∫

f1 dν
(zx̂(L1),x̂(L2),...,x̂(Lr))
t

and
J2(f2) =

∫

f2 dν
(x̂(L1)−1,x̂(L2)−1,...,x̂(Lr)−1)
t

wherein the inverses of the x̂(Li) appear because of the orientation convention
(if Σ is orientable and oriented, then Li is positively oriented as boundary
of Σ1 and negatively oriented as boundary of Σ2). We substitute these ex-
pressions into equation (16) and change variables again: let ci = x̂(Li), and
use this as variable instead of x̂(e) for any one particular e on Li. Then,
using

∫

Ĝ dx̂(e) = 1 for all the remaining edges on each Li, and translation
invariance of Haar measure, we obtain the desired formula

∫

AT
f dνzt

=
∫

Ĝr

[

∫

AT1
(z1c1,...,zrcr)

f1 dν
(z1c1,...,zrcr)
t

∫

AT2
(c−1

1
,...,c−1

r )
f2 dν

(c−1
1

,...,c−1
r )

t

]

dc1...dcr
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