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Abstract. With the help of axial gauge fixing, constructions from
White Noise Analysis and certain regularization techniques like “loop-
smearing” and “framing” we rigorously define and compute Wilson loop
observables (WLOs) for pure Chern-Simons models with base manifold
M = R3. If the structure group G of the model is abelian we obtain
well-known linking number expressions for the values of the WLOs. If G
is non-abelian we obtain expressions for the values of the WLOs which
are similar but not identical to the state model representations for the
Homfly and Kauffman polynomials given in [Jon89, Tu88, Kau95].

1. Introduction

In recent years there has been a considerable interest in topological quan-
tum field theories. A major contribution for the understanding of such
theories was made by E. Witten who showed in [Wit89] among other things
that for a pure Chern-Simons model with a compact base manifold and a
structure group of the form SU(N), N ≥ 2, the values of the Wilson loop
observables (WLOs) are related to the Homfly polynomial with parame-
ters exp(λπiN) and 2i sin(λπ), λ being the coupling constant of the model.
This result was given on a heuristic level and has been confirmed by various
authors using different approaches, see e.g. [FrKi89] where Cherns-Simons
models on R3 in light-cone gauge is studied and [CGMM90], [GMM90],
[Bar95] who study Cherns-Simons models on R3 and S3 in Lorentz gauge
perturbatively.

All the works mentioned above use heuristic expressions for the Chern-
Simons path integral. The Wilson loop observables are not defined rigorously
and, accordingly, the computation of the Wilson loop observables which
gives rise to expressions involving Homfly polynomials is not rigorous either.

A first step towards a fully rigorous version of such a computation was
made in [AlSe97a] (see [Mit] for another rigorous approach based on Lorentz
gauge) where – by making use of constructions and results from White Noise
Analysis a rigorous realization of the heuristic path integral functional of
pure Chern-Simons models on R3 in axial gauge and in light-cone gauge was
obtained. In [Hah01] a rigorous realization of the path integral functional
of pure Chern-Simons models on R3 in axial gauge which is similar to the
one in [AlSe97a] was used to define and compute WLOs rigorously in the
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special case G = SU(N). In [Hah] the results of [Hah01] are generalized to
more general groups G.

The present paper summarizes the constructions and results in [AlSe97a,
Hah01, Hah]. Sections 2–5 give an overview of the framework developped in
[AlSe97a]. Sections 6–9 are based on [Hah01, Hah] and summarize the main
results obtained there.

In Section 2 we recall the basic elements of classical Chern-Simons theory
and we explain why (at least on a heuristic level) one can expect to obtain
interesting link invariants by quantizing Cherns-Simons theory.

With the help of axial gauge fixing and some basic constructions of White
Noise Analysis, which are recalled in Section 3, it is possible to find a rigorous
version of the Chern-Simons path integral functional. This is explained in
Section 4.

In Sections 5 and 6 we introduce two regularization procedures (“loop
smearing” and “framing”) which are necessary for the rigorous definition of
the WLOs.

After recalling some elementary notions from knot theory in Section 7 we
can state the two main results, Theorem 1 and Theorem 2, in Section 8.

Finally, in Section 9 the explicit expressions for the values of the WLOs
obtained in Section 8 are compared with the state model representations of
[Kau95, Jon89, Tu88] for the Homfly and the Kauffman polynomials.

2. Link invariants from the Chern-Simons path integral

Let M be an oriented 3-dimensional differentiable manifold and let G be
a fixed compact connected Lie subgroup of U(N), N ≥ 2. We will denote
the Lie algebra of G by g and will identify g with a Lie subalgebra of the
Lie algebra u(N) of U(N). By A we denote the space of smooth g-valued
1-forms on M . Finally, let k ∈ R\{0} and set λ := 1

k .
Let us first consider the special case where M is compact. In this case

the function

(2.1) SCS : A 3 A 7→ k
4π

∫
M

Tr
(
A ∧ dA+ 2

3(A ∧A) ∧A
)
∈ R

is well-defined. We will call SCS “the action function of the pure Chern-
Simons model on M with structure group G and charge k”.

It is well-known that SCS is invariant under orientation-preserving dif-
feomorphisms. It has been suggested by E. Witten [Wit89] (see also, e.g.
[Ati90]) that if one can make sense of the heuristic measure

(2.2) µCS := 1
Z exp(iSCS(A))DA

where “DA” is the heuristic “Lebesgue measure” on A and “Z” the normal-
ization factor “

∫
exp(iSCS(A))DA”1, one can obtain non-trivial link invari-

ants by integrating certain functions on A with respect to µCS :

1Of course, both “DA” and “Z” are not defined
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Let L be a link in M , i.e. a tuple (l1, . . . , ln), n ∈ N, of loops in M whose
arcs are pairwise disjoint (a loop being a smooth embedding of S1 into M)
and let WLF(L) be the “Wilson loop function associated to L”, i.e. the
function

(2.3) WLF(L) : A 3 A 7→
n∏
i=1

Tr(Hol(A, li)) ∈ C

where Hol(A, l) is the holonomy of A around l. Due to the diffeomorphism
invariance of SCS and hence also of µCS , the (heuristic) integral

(2.4) WLO(L) :=

∫
WLF(L) dµCS ,

the so-called “Wilson loop observable associated to the link L”, should de-
pend only on the isotopy class of L. So the mapping which maps every
(sufficiently regular) link L to the associated Wilson loop observable should
be a link invariant, and according to the standard literature in the special
case M = S3 and G = SU(N) or SO(N) this link invariant should be re-
lated to the Homfly or the Kauffman polynomial (cf. [FHLM+85], [Kau95]).

Let us now consider the case where M is not necessarily compact. Then
the integral appearing on the right-hand side of (2.1) need not exist for
general A ∈ A. However, it is common practice in the physicists literature
to consider the heuristic path space measure given by (2.2) also for such
manifolds M . For sufficiently regular links L in M one is again interested
in the associated “Wilson loop observable” WLO(L) defined again by (2.4),
(2.3).

It has been suggested by [FrKi89], [GMM90], and others that also for the
case M = R3 the values of the Wilson loop observables should be related to
the aforementioned knot polynomials if G = SU(N) or SO(N).

In the sequel we will concentrate on the case M = R3:
We will call an element A =

∑2
i=0Aidxi of A “axial” iff we have

A2(x) = 0 for all x ∈M = R3

and “completely axial” iff we have

A2(x) = A1

(
(x0, x1, 0)

)
= A0

(
(x0, 0, 0)

)
= 0 for all x ∈M = R3.

We will denote the space of all axial elements of A by Aax and the space of
all completely axial elements of A by Acax.

By making use of the “gauge-invariance” of the function WLF(L) one can
derive informally (cf. Appendix 9.1 in [Hah01]) the heuristic formula

(2.5)

∫
A

WLF(L) dµCS =

∫
Acax

WLF(L) dµcaxCS
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with µcaxCS := 1
Zcax exp

(
i k4π

∫
Tr
(
A ∧ dA + 2

3(A ∧ A) ∧ A
))
DA|Acax , where

DA|Acax is “the Lebesgue measure” on Acax and Zcax the obvious (informal)
normalization factor. It is easy to see that

(2.6) (A ∧A) ∧A = 0 if A ∈ Aax ⊃ Acax

and thus µcaxCS is a heuristic Gaussian measure (with a non-positive-definite
“covariance operator”).

Equation (2.5) suggests that in order to obtain link invariants from Chern-
Simons models, it is enough to make sense of µcaxCS instead of µCS and the
latter remark suggests that it should in fact be possible to make sense of
µcaxCS by using a framework like White Noise Analysis (see, e.g. [HKPS93]), in
which “Gaussian measures with non-positive-definite covariance operators”
can be defined.

3. Some Notions and Results from White Noise Analysis

Let H be the real Hilbert space L2
g⊕g(R3) ∼= L2

R(R3)⊗ (g⊕g) and let K be

the operator (⊗3K0)⊗idg⊕g on H where K0 is the operator (− d2

dx2
+x2 +1)−1

on L2
R(R). One can show that K is self-adjoint and Hilbert-Schmidt with

Hilbert-Schmidt norm smaller than 1.
We define Np := Image(Kp), p ∈ N0 and N :=

⋂
p∈N0

Np and introduce

the norms ‖ · ‖p := ‖K−p(·)‖ on N where ‖ · ‖ is the norm of H. We equip
the space N with the topology which is generated by the family (‖ · ‖p)p∈N0

and denote the topological dual of N by N ∗.
It can be proven that N = Sg⊕g(R3) ∼= S(R3) ⊗ (g ⊕ g) so that N ∗ ∼=

S′(R3)⊗ (g⊕ g).

According to the Minlos theorem there is a unique Borel probability mea-
sure µ on N ∗ with the property that for all x ∈ N the function N ∗ 3 T 7→
(T, x) ∈ R is a real Gaussian random variable with mean 0 and variance
‖x‖2. Here and in the sequel (·, ·) is the canonical pairing between N ∗ and
N . For every p ∈ N0, K−p induces a (densely defined) operator Γ(K−p) on
L2(N ∗, µ) in a natural way, the so-called “second quantization” of K−p (see
section 3 C in [HKPS93]).

By P(N ) (resp. E(N )) we denote the subalgebra of CC(N ∗) generated by
the subset {(·, x) | x ∈ N} (resp. the set {exp(i(·, x)) | x ∈ N}) of CC(N ∗).
We identify P(N) and E(N ) with the obvious subspaces of L2(N ∗, µ).

It can be shown (see section 3 C in [HKPS93]) that P(N ) (and E(N )) are
in the domain of all the operators Γ(K−p), so we can define scalar products
� ·, · �p on P(N ) by � φ, φ′ �p:=� Γ(K−p)φ,Γ(K−p)φ′ � for every
φ, φ′ ∈ P(N ) where � ·, · � is the scalar product on L2(N ∗, µ).

We denote the norm associated to � ·, · �p by ‖ · ‖p, the completion of
P(N ) w.r.t. ‖ · ‖p by (N )p (and the extended norm on (N )p again by ‖ · ‖p),
identify (N )0 with L2(N ∗, µ), set (N ) :=

⋂
p(N )p, equip this space with the
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topology which is generated by the family (‖ · ‖p)p∈N0 and denote by (N )∗

the topological dual of (N ).

Let Q be a continuous quadratic form on N . From the Kondratiev-
Potthoff-Streit-Characterization-Theorem (see Theorem 4.38 in [HKPS93])
it follows that there is a unique element Φ of (N )∗ such that the T -transform
T Φ of Φ equals exp(−1

2Q(·)), i.e. such that Φ(exp(i(·, f))) = exp(−1
2Q(f))

for all f ∈ N . We will call Φ “the Gaussian element of (N )∗ corresponding
to Q”.

4. The Chern-Simons path integral in axial gauge as a
generalized distribution

It is easy to see that the mapping g×g 3 (A,B) 7→ −Tr(AB) ∈ R, which

we will denote by (·, ·)g or qg, is a scalar product on g. Let Ã denote the
subspace of A consisting of all g-valued smooth 1-forms on R3 with rapid
decrease and let Ãax := Ã ∩ Aax.

In order to find a rigorous realization of the expression on the right hand
side of (2.5) we now replace this expression by

∫
Ãax WLF(L) dµaxCS where

µaxCS := 1
Zax exp

(
i k4π

∫
Tr
(
A ∧ dA + 2

3(A ∧ A) ∧ A
))
DA|Ãax , DA|Ãax being

“the Lebesgue measure” on Ãax and Zax the obvious normalization factor.
Let us identify Ãax with the space N = Sg⊕g(R3). Taking into account

(2.6) and using partial integration we obtain for every A ∈ Ãax

k
4π

∫
Tr
(
A ∧ dA+ 2

3(A ∧A) ∧A
)

=

k
4π

∫
dx
(
Tr(∂2A0(x)A1(x))− Tr(A0(x)∂2A1(x))

)
= k

2π < A0, ∂2A1 >g

where < ·, · >g denotes the scalar product on Sg(R3) given by < f, g >g=∫
dx (f(x), g(x))g for all f, g ∈ Sg(R3).
As we are not interested in µaxCS itself but only in integrals like

∫
Ãax WLF(L) dµaxCS

it is not necessary to make rigorous sense of the “measure” µaxCS . It is enough
to make rigorous sense of the integral functional Φax

CS which is associated to
µaxCS and indeed it is possible to define Φax

CS rigorously as the Gaussian ele-
ment of (N )∗ corresponding to a certain quadratic form Q on N , which can
be found by informally computing the T -transform of Φax

CS . Before we do

this let us introduce the mapping ∂−1
2 : Sg(R3) → C∞b,g(R3) (C∞b,g(R3) being
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the space of bounded smooth g-valued functions on R3) given by2

(∂−1
2 f)(x) =

∫
ds 1

2 [1(−∞,x2](s)− 1[x2,+∞)(s)]f(x0, x1, s)

for all f ∈ Sg(R3), x ∈ R3.

We also introduce a quadratic form Qax on N by Qax(j) =< j0, ∂
−1
2 j1 >g

for all j ∈ N . One can show that Qax is continuous (cf. [Hah01, Hah]).

For any A ∈ Ãax ∼= N = Sg⊕g(R3) and any j ∈ N we can prove rigorously
that

< A1, j1 >g=< ∂−1
2 ∂2A1, j1 >g=< ∂2A1,−∂−1

2 j1 >g

where we have extended the scalar product < ·, · >g on Sg(R3) to a bilinear
mapping on Sg(R3)× C∞b,g(R3) in the obvious way.

With∼ denoting “equality up to a multiplicative constant” we then obtain
the following informal computation of T Φax

CS :

T Φax
CS(j)

∼
∫
Ãax

exp(i k2π < A0, ∂2A1 >g +i < A0, j0 >g +i < A1, j1 >g)DA

∼
∫
Ãax

exp(i k2π < A0, ∂2A1 >g +i < A0, j0 >g +i < ∂2A1,−∂−1
2 j1 >g)DA

(∗)∼
∫
Sg(R3)2

exp(i k2π < A0, F >g +i < A0, j0 >g +i < F,−∂−1
2 j1 >g)DA0DF

=

∫
exp(i < A0, j0 >g +i < F,−∂−1

2 j1 >g) exp(i k2π < A0, F >g)DA0DF

(∗∗)∼ exp(−2πi
k < j0,− ∂−1

2 j1 >g) = exp(−−4πiλQax(j)
2 )

Here we have applied informally the transformation theorem for measures
in step (*). Step (∗∗) can be motivated by “pretending” that A0 and F are
real variables and j0 and ∂−1

2 j1 real numbers.

Thus informally, we have T Φax
CS(j) = C · exp(−−4πiλQax(j)

2 ) for some C ∈
R and by considering the special case j = 0 where T Φax

CS(j) should be equal
to one we can “conclude” C = 1.

As Qax is continuous we can now define Φax
CS rigorously as the Gaussian

element of (N )∗ corresponding to −4πiλQax.

2Alternatively, one could define ∂−1
2 by (∂−1

2 f)(x) =
∫
ds [r · 1(−∞,x2](s) − (1 − r) ·

1[x2,+∞)(s)]f(x0, x1, s) for all f ∈ Sg(R3) and x ∈ R3, where r ∈ R is arbitrary. The choice

above is the special case where r = 1
2
. Any choice of r different from r = 1

2
leads to results

which – already for the simple case G = U(1) – do not agree with what is expected in the
literature
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5. Loop-smearing

In the sequel we will identify every loop l in R3, i.e. every smooth em-
bedding of S1 into R3, with the mapping l ◦ i where i : [0, 1] → S1 is the
standard parametrization of S1.

In the previous section we succeeded in defining the integral functional
associated to the “measure” µaxCS as a (generalized) distibution Φax

CS on
S′g⊕g(R3). For sufficiently regular links L we would now like to use Φax

CS

to make sense of
∫

WLF(L) dµaxCS . If WLF(L) were in the domain of
Φax
CS this would be no problem at all. In that case the rigorous version

of
∫

WLF(L) dµaxCS would simply be Φax
CS(WLF(L)).

Now unfortunately Φax
CS is not a (generalized) distribution on Ãax ∼=

Sg⊕g(R3) = N but on S′g⊕g(R3) = N ∗. For A ∈ Sg⊕g(R3) it is clear what
WLF(L)(A) should be if one recalls the definition of WLF(L) above. But
for a general element A of S′g⊕g(R3) the expression Hol(A, l) makes no sense
and so we can not define WLF(L)(A) directly in the general case.

This problem can be solved by “smearing” the loops considered: We will
replace all expressions in which Al(t) enters by A(lε(t)) where lε(t) is a certain
test function which is concentrated in a ε-neighbourhood of l(t) (later we
will let ε go to zero).

More precisely, for every ε > 0 and every loop l in R3 we set ψε := 1
ε3
ψ( (·)

ε )

and lε(t) := ψε((·) − l(t)) where ψ is a fixed element of C∞o (R3) with the
properties ψ ≥ 0, supp(ψ) ⊂ B1(0), and

∫
ψ(x) dx = 1.

For all t ∈ [0, 1] and A ∈ N ∗ we set

Blε

A(t) := A(lε(t))0 · l′(t)0 +A(lε(t))1 · l′(t)1 ∈ g

and denote by P l
ε

A the unique C1-mapping [0, 1]→ Mat(N,C) given by

d
dtP

lε

A (t) +Blε

A(t) · P lεA (t) = 0, for all t ∈ [0, 1],

P l
ε

A (0) = 1Mat(N,C)

where “·” is the standard multiplication of Mat(N,C).
The mapping N ∗ 3 A 7→ P l

ε

A (1) ∈ Mat(N,C) will be denoted by P l
ε
.

Note that the definition of P l
ε

can easily be generalized to the case where l
is a C1-curve in R3 which is not necessarily a loop.

For every fixed link L = (l1, . . . , ln), n ∈ N, in R3 and every ε > 0 we can
now define a “smeared version” WLF(L, ε) of WLF(L):

WLF(L, ε) :=
∏n

i=1
Tr(P l

ε
i )

It is easy to see that WLF(L, ε) is a measurable function on N ∗. The
equivalence class of this function w.r.t. the “µ-almost surely equal”-relation
will again be denoted WLF(L, ε). One can show (cf. Proposition 4.16 and
Theorem 3.1 in [Hah01]) that WLF(L, ε) is in (N ) (recall (N ) ⊂ (N )0

∼=
L2(N ∗, µ)) so Φax

CS(WLF(L, ε)) is well-defined.
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6. Framing

One could hope that limε→0 Φax
CS(WLF(L, ε)) exists for all L contained in

a sufficently large set L of links in R3 and that the mapping

(6.1) L 3 L 7→ lim
ε→0

Φax
CS(WLF(L, ε)) ∈ C

is a link invariant. If so we would have made rigorous sense of the right-hand
side of equation (2.4). Now even in the simple case G = U(1) this is not
true due to the so-called “self-linking problem”, which makes it neccessary
to use an additional regularization procedure, which we will call “framing”.
Let us briefly describe this “self-linking problem”:

For G = U(1) we can easily compute WLO(L, ε) := Φax
CS(WLF(L, ε))

explicitly for all sufficiently regular L and every ε > 0:

WLO(L, ε) =
∏n

k,j=1
exp(2πλiQlk,lj (ε)), where

Qlk,lj (ε) :=
1

2

∫ 1

0
dt

∫ 1

0
du(l′k(t)0 · l′j(u)1− l′j(t)0 · l′1(u)1) < lεk(t), ∂

−1
2 lεj(u) >

It can be shown that Qlk,lj (ε) →
1
2 LK(lk, lj) as ε → 0 if k 6= j where

LK(lk, lj) is the linking number of lk and lj but as the linking number of
two loops l and l′ is only defined if arc(l) ∩ arc(l′) = ∅, one can not expect
the values of the limits limε→0Qlk,lk(ε) to make the mapping (6.1) a link
invariant.

In our setting the “framing procedure” suggested in [Wit89] to solve the
self linking problem amounts to replacing Qlk,lk(ε) by Qlk,lsk(ε) where lsk is
a loop which is “sufficiently close” to lk – or, more precisely, to replacing
Qlk,lk(ε) by Qlk,lsk(ε) where lsk is a member of a family (ltk)t>0 of loops which
“approximates” lk in a certain way and later letting s go to zero.

We will use a reformulation of the framing procedure, which can be gen-
eralized easily to the case of arbitrary Lie groups G:

Instead of choosing a family (ltk)t>0 of loops for every k ≤ n which “ap-
proximates” lk we can choose a suitable family (φs)s>0 of diffeomorphisms
of R3 such that (φs ◦ lk)s>0 “approximates” lk for every k ≤ n. We can
then compute WLO(L, ε;φs) := Φax

φs
(WLF(L, ε)) where Φax

φs
is a deformed

version of Φax
CS . Later we let ε and s go to zero.

More precisely, if φ is a diffeomorphism of R3 which is “tempered”, i.e.
which has the property that all the derivatives of φ and φ−1 are polynomially
bounded, and which is “compatible with the axial gauge”, i.e. which fulfills
φ∗(Aax) = Aax, we can “deform” the quadratic form Qax with the help of
φ in the following way:

Identify the space Sg⊕g⊕g(R3) with the space V Frd(R3) ⊗ g in the ob-
vious way (V Frd(R3) denoting the space of vector fields on R3 with rapid
decrease). Because φ is tempered it induces a linear automorphism φ∗ of
V Frd(R3)⊗ g ∼= Sg⊕g⊕g(R3) in a natural way.
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On the other hand it can be seen that because φ is compatible with the
axial gauge the restriction of πN ◦ φ∗ to N ∼= {j ∈ Sg⊕g⊕g(R3) | j2 =
0}, where πN denotes the obvious projection Sg⊕g⊕g(R3) → N , is a linear
automorphism of N , which will also be denoted by φ∗.

By Qaxφ we will denote both the real (and continuous) quadratic form on

N given by Qaxφ (j) = Qax(j, φ∗(j)) for all j ∈ N and the real symmetric
bilinear form on N obtained from this quadratic form by polarization. The
Gaussian element of (N )∗ corresponding to −4λπiQaxφ will be denoted by

Φax
φ . Instead of Φax

φ (ψ) with ψ ∈ (N ) we will often use the notation < ψ >axφ .

For every link L, every ε > 0 and every φ as above we define

WLO(L, ε;φ) :=< WLF(L, ε) >axφ

7. Admissible Links and admissible Framings

By πx2=0 we denote the orthogonal projection of R3 onto the x0-x1-plane,
i.e. the mapping R3 3 x 7→ (x0, x1, 0) ∈ R3. πx2=0 will also denote the
mapping R3 3 x 7→ (x0, x1) ∈ R2.

Let C = (c1, . . . , cr), r ∈ N, a tuple of curves in R3. A double point of
C (resp. a triple point of C) is an element p of the x0-x1-plane with the
property that the intersection of π−1

x2=0(p) with the union of the arcs of the
curves c1, . . . , cr contains at least two (resp. three) elements. We will denote
the set of double points of C by DP(C).

A link L = (l1, . . . , ln), n ∈ N, in R3 is called weakly admissible if the
projection πx2=0 is a regular projection for the link L (cf. [BuZi86]), i.e.
if there are only finitely many double and no triple points of L and for all
i, j ≤ n and all t̄, ū ∈ [0, 1] such that πx2=0(li(t̄)) = πx2=0(lj(ū)), the two
vectors (πx2=0 ◦ li)′(t̄) and (πx2=0 ◦ lj)′(ū) are not parallel to each other.

For every weakly admissible link L = (l1, . . . , ln), n ∈ N, in R3 we set
w(L) :=

∑
p∈DP(L) ε(p) where for every p ∈ DP(L) the number ε(p) ∈

{−1, 1} is given by ε(p) := 1 in the situation of Fig. 1a and ε(p) := −1 in
the situation of Fig. 1b:
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p

Let (l, l̃) be a weakly admissible (two-component) link in R3. We set

LK(l, l′) :=
∑

p∈DP(l,l′)\(DP(l)∪DP (l′))

1
2ε(p).

Note that every p ∈ DP(l, l′)\(DP(l)∪DP (l′)) is of the form p = πx2=0(x) =

πx2=0(y) where x ∈ arc(l), y ∈ arc(l̃). If l̃ is “sufficiently close” to l and l is
“sufficiently nice” then normally y will also be “close” to x, in which case we
will call p a “twist double point of (l, l̃)” (the meaning of “sufficiently close”,
“sufficiently nice”, and “close” here can be made precise; cf. [Hah01]). But
there are exceptions: If p is “close” to a double point of l, y need not be
“close” to x, in which case we call p a “l-self-crossing double point of (l, l̃)”.

We will denote the set of twist double points of (l, l̃) by TDP (l, l̃) and we
set

twist(l, l̃) :=
∑

p∈TDP (l,l̃)

1
2ε(p)

Let L = (l1, . . . , ln), n ∈ N, be a weakly admissible link in R3. A weakly
admissible framing of L is a family (φs)s>0 of diffeomorphisms of R3 with
the following properties:

(F1): φs is tempered, compatible with the axial gauge, volume-preserving
and orientation-preserving for every s > 0.

(F2): For all i, j ≤ n and all sufficiently small s > 0 the pair (li, φs ◦ lj)
is a weakly admissible link.

(F3): For every i ≤ n, the family (φs ◦ li)s>0 converges uniformly to li
as s→ 0 and (LK(li, φs ◦ li))s>0 also converges as s→ 0

If L and (φs)s>0 are “sufficiently nice”3 such that TDP (li, φs◦li) is defined
for every i ≤ n we call (φs)s>0 vertical (resp. strictly vertical) if twist(li, φs◦
li) = 0 (resp. TDP (li, φs ◦ li) = ∅) holds for all i ≤ n and all sufficiently
small s > 0.

3this is always the case when L and (φs)s>0 are “strongly admissible”, see the paragraph
after Fig. 2 below
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8. Computation of the WLOs

8.1. The abelian case. For simplicity we will only consider the special case
G = U(1) in the next Theorem but in fact it is not difficult to generalize
Theorem 1 to arbitrary compact abelian Lie groups.

Theorem 1. Let L = (l1, . . . , ln), n ∈ N, a weakly admissible link in R3

and (φs)s>0 a weakly admissible framing of L. If G = U(1) then

WLO(L; (φs)s>0) := lim
s↘0

lim
ε↘0

WLO(L, ε;φs)

exists and setting lkj := lims→0 LK(lj , φs ◦ lj) we obtain

WLO(L; (φs)s>0) =
∏

j≤n
exp(λπi lkj) exp

(
λπi

∑
i 6=k

LK(li, lk)
)

For a proof of this Theorem see [Hah01] or [Hah].

8.2. The general case. The loop smearing procedure which we have in-
troduced in Section 5 will lead to serious problems if one tries to apply it to
the case of non-abelian G (for details see [Hah01]). For this reason we will
use a modification of this loop smearing procedure in the sequel:

Let us fix a strictly positive number ϑ, which for technical reasons will
be assumed to fulfill ϑ < 1

2 , and let us fix a positively oriented orthonormal

basis (â, b̂) of R2. We will call â the “loop-smearing axis”. We will identify

R2 with R2×{0} ⊂ R3 so â and b̂ can be considered as vectors in R3. Then
we replace the definition of ψε, i.e. equation ψε(x) := 1

ε3
ψ(xε ), x ∈ R3, where

ψ is as in Section 5 by

(8.1) ψε(x) := 1
ε3+ϑ

ψ(x·âε · â+ x·b̂
ε1+ϑ
· b̂+ x·e2

ε · e2), x ∈ R3

with e2 := (0, 0, 1) ∈ R3.

Of course, by fixing an orthonormal basis (â, b̂) of R2 Euclidean invari-
ance is destroyed. However, in some cases the values of the WLOs will not
depend on the special choice of (â, b̂) (namely, in those cases where equation
(9.3) below is fulfilled; cf. Section 9).

Let L = (l1, . . . , ln), n ∈ N, be a weakly admissible link in R3. We set
V (L) := DP(L) and E(L) :=

⋃
i≤nE(li) where E(li), i ≤ n, denotes the set

of subcurves of the planar curve πx2=0 ◦ li in which the latter is decomposed
by “cutting” it in those points of its image which belong to V (L). Note that
Γ(L) := (V (L), E(L)) is an oriented planar (multi)graph.

A state of Γ(L) is a mapping f : E(L)→ {1, 2, . . . , N}. The set of states
of Γ(L) will be denoted by St(L).

For every p ∈ V (L) there are exactly two elements e1(p) and e2(p) of E(L)
which “end” in p and two elements e3(p) and e4(p) of E(L) which “start”
in p, cf. Fig. 2 below. Note that e1(p) and e2(p) are uniquely determined
by the condition that (ê1(p), ê2(p)) is positively oriented where ê1(p) (resp.
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ê2(p)) denotes the unit tangent vector of e1(p) (resp. e2(p)) in p; in a similar
way e3(p) and e4(p) can be defined rigorously.

e (p)

e (p)
e (p)

e (p)

p

3

2

4

1

A weakly admissible link L = (l1, . . . , ln), n ∈ N, in R3 is called strongly
admissible if neither ê1(p) nor ê2(p) is parallel to â for all p ∈ V (L) and
(πx2=0 ◦ li)′, i ≤ n, vanishes nowhere. In this case we set

type(p) :=

{
1 if sgn(b̂ · ê1(p)) = sgn(b̂ · ê2(p))

2 if sgn(b̂ · ê1(p)) 6= sgn(b̂ · ê2(p))
for every p ∈ V (L).

We will also use the notion “strongly admissible” for framings but will not
give a full definition here4.

For every a, b ≤ N we denote by Eab the element of Mat(N,C) given by
(Eab)ij = δiaδjb for all i, j ≤ N .

For A ∈ ⊗2 Mat(N,C) and ā, b̄, c̄, d̄ ≤ N we set Aāb̄
c̄d̄

:= Aāb̄c̄d̄ where

(Aabcd)a,b,c,d≤N are the components of A w.r.t. the basis (Eac⊗Ebd)a,b,c,d≤N
of ⊗2 Mat(N,C).

By E, T, and P we denote the elements of ⊗2 Mat(N,C) given by

Eabcd = δacδbd, Tabcd = δadδbc, Pab
cd = δabδcd for all a, b, c, d ≤ N.

Theorem 2. For every strongly admissible link L in R3 and every strongly
admissible framing (φs)s>0 of L

WLO(L; (φs)s>0) := lims↘0 limε↘0 WLO(L, ε;φs)

exists. In the special case where (φs)s>0 is strictly vertical we have

(8.2) WLO(L; (φs)s>0) =
∑

f∈St(L)

∏
p∈V (L)

(R
ε(p)
type(p))

f(e1(p))f(e2(p))
f(e3(p))f(e4(p))

with R±1
1/2 := R±1/2 where

R±1 := exp
(
∓λπi(

∑
a
Ta ⊗ Ta)

)
· T

R±2 := Ξ(exp
(
∓λπi · Ξ(

∑
a
Ta ⊗ Ta)

)
· T

4If L is a strongly admissible link a weakly admissible framing (φs)s>0 of L is called
strongly admissible if it fulfills conditions (F4)–(F7) of [Hah01] and [Hah]
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and where (Ta)a≤dim(g) is an arbitrary (·, ·)g-orthonormal basis of g and Ξ

the linear automorphism of ⊗2 Mat(N,C) given by Ξ(A⊗ B) = A⊗ Bt for
all A,B ∈ Mat(N,C).

For a proof of this Theorem see [Hah] (or [Hah01] for the special case
G = SU(N)).

Example. It is not difficult to see (see [Hah]) that

R±1 = cos(πλ) · T± i sin(πλ) · E + exp(±πλi) exp(∓iπλN)−1
N ·P(8.3a)

R±2 = cos(πλ) · T∓ i sin(πλ) ·P + exp(∓πλi) exp(±iπλN)−1
N · E(8.3b)

if G = SO(N) and

R±1 = exp(∓λπi
N )
(
cos(λπ) · T± i sin(λπ) · E

)
(8.3c)

R±2 = exp(∓λπi
N )
(
T + exp(±λπiN)−1

N · E
)

(8.3d)

if G = SU(N)

9. State Models and non-trivial Homfly polynomials

A state model of type (N,C) is a pair (R+, R−) of elements of⊗2 Mat(N,C).
For every state model (R+, R−) of type (N,C) and every weakly admissible
link L define

(9.1) I(R+,R−)(L) :=
∑

f∈St(L)

∏
p∈V (L)

(Rε(p))
f(e1(p))f(e2(p))
f(e3(p))f(e4(p))

where R±1 := R±.
It is interesting to consider the special state models of the form (R+

K,z, R
−
K,z)

with R±K,z := z±1 · E + z∓1 ·P where z ∈ C is a solution of z2 + z−2 = −N :

On can show (cf. [Kau95], Chap. 8) that for every weakly admissible link
L we have

(9.2) I(R+
K,z ,R

−
K,z)(L) = HOMFLYL(−z4, z2 − z−2) · (−z3)−w(L)

where HOMFLYL(x, y) is the Homfly polynomial of L with parameters
x, y ∈ C.

Obviously, the expressions on the right-hand sides of equation (9.1) and
(8.2) are very similar to each other and for arbitrary G, every strongly
admissible link L and every strictly vertical framing (φs)s>0 of L we will
have

WLO(L; (φs)s>0) = I(R+
1 ,R

−
1 )(L) = I(R+

2 ,R
−
2 )(L)

with R±1 , R±2 as in the assertion of Theorem 2 whenever

(9.3) R±1 = R±2

holds. Thus it is natural to ask for which groups G and for which values of
λ (9.3) is fulfilled.

It is not difficult to see that this is the case for all λ ∈ R if G is abelian but
will only be the case for special values of λ if G is non-abelian. For example,
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it can be seen with the help of (8.3) above that for G = SU(N), N ≥ 2, or
G = SO(N), N ≥ 3, (9.3) holds if and only if λ ∈ 2Z, which is equivalent
to k = λ−1 ∈ {±1

2 ,±
1
4 ,±

1
6 , . . .}. One can show that in this case the value

of I(R+
1 ,R

−
1 )(L) = I(R+

2 ,R
−
2 )(L) is given by an expression involving only w(L),

linking number and twist expressions and no proper knot polymials.

Anyway, it is still interesting to compare the (tensor) matrices R+
K,z, R

−
K,z

above with the matrices R+
1 , R−1 , R+

2 , and R−2 arising in (8.2), in particular
in the special case where G = SO(N): For G = SO(N) and λ = n + 1

2 ,
n ∈ Z, one has

R+
1 = A · E +B ·P, R−1 = (R+

1 )−1(9.4)

R−2 = B · E +A ·P, R+
2 = (R−2 )−1(9.5)

with A = i, B = i (−i)N−1
N if n is even and A = −i, B = −i iN−1

N if n is odd.
A simple computation shows that whenever the relations (9.4) and (9.5)

hold for two complex numbers A and B and elements R+
1 , R

−
1 , R

+
2 , R

−
2 of

⊗2 Mat(N,C) relation (9.3) will automatically imply (and is even equivalent
to) A 6= 0, B = A−1, A2 + A−2 = −N and thus the state model (R+

1 , R
−
1 )

(which is then equal to (R+
2 , R

−
2 )) will necessarily coincide with (R+

K,z, R
−
K,z)

if z := A.
In fact, this is the case if N = 2 but, of course, the Homfly polynomial

appearing on the right-hand side of (9.2) above is trivial if N = 2 so in spite
of the complicated expression on the right-hand side of equation (8.2) the
value of the WLO on the left-hand side is given by the simple expression
obtained by applying the generalization of Theorem 1 mentioned at the be-
ginning of Section 8.

If one wants to obtain “state model realizations” for the Homfly or Kauff-
man polynomial associated to a given link L for more general parameters x
and y than those considered above it is necessary to use more sophisticated
state models as described in [Jon89], [Tu88] or [Kau95], Chap. 9 and Chap.
14. For a definition of the “trace function” of these more sophisticated state
models it is not sufficient to associate (fixed) matrices R± to the elements
of V (L). It is also necessary to associate matrices to the “turning points”
(w.r.t. a fixed “time axis”) of the graph (V (L), E(L)).

Finally note that the matrices R± in [Kau95], Chap. 9 (resp. Chap. 14)
are closely related to the quantum groups SUq(N) (resp. SOq(N)) and that
– although they will in general differ from our matrices R±1 , R±2 – we do have
R±1 = R±2 = R± if λ ∈ 2Z and if q = 1, i.e., if the quantum group SUq(N)
(resp. SOq(N)) is equal to the classical Lie group SU(N) (resp. SO(N)).
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10. Conclusions

In the present paper we showed how a rigorous realization of the path
integral quantization method based on axial gauge fixing can be used for a
rigorous definition and computation of the Wilson loop observables of pure
Chern-Simons models with base manifold M = R3. If the structure group
G of the model considered is abelian we obtain well-known linking number
expressions for the values of the WLOs.

If G is non-abelian we obtain expressions for the values of the WLOs
which are similar but not identical to the state model representations for
the relevant knot polynomials given in [Jon89], [Tu88] and [Kau95].

The question how this difference between the expressions we obtain in our
framework and those expected in the standard literature should be explained
is open.

Possibly one or several of the steps we made before arriving at Theorem 2
is/are inappropriate and should be modified. For example, one could argue
that something is wrong with the heuristic derivation of equation (2.5) in
Section 2 or with our loop smearing or framing procedure.

Other possible explanations are that axial gauge fixing is principally not
suited for the path integral quantization of Chern-Simons models with non-
abelian structure group or that for quantized Chern-Simons models with
non-compact base manifolds like R3 the condition k ∈ {±1

2 ,±
1
4 ,±

1
6 , . . .}

for the charge k has a “physical meaning” and replaces the condition k ∈
Z\{0} which is essential for the classical theory of Chern-Simons models
with compact base manifolds.

In order to answer the question above it seems reasonable to try first to
understand the following two features of our approach:

• The value of the WLO associated to a given link L depends on the
loop smearing procedure which is applied to the loops contained in L.
• The value of the WLO (w.r.t. the standard representation of G ⊂
U(N)) associated to an unknot without double points is always equal
to N if strictly vertical framing is used.

Other possible directions are to compare axial gauge fixing with other gauge
fixing approaches like light-cone gauge and Lorentz gauge, to try to gener-
alize our approach to non-compact base manifolds like S2 × S1 or S3 or
to look for a quantum group version of our framework (for more details cf.
[Hah01]).

Acknowledgements. We would like to thank Prof. Dr. D. Arlt for many
very valuable discussions and comments, in particular concerning the orig-
inal work in [16]. We are also grateful to Prof. Dr. I. Mitoma for the
invitation to a stimulating workshop on In

nite Dimensional Stochastic Analysis, held in Kyoto and Fukuoka in 2000,
which greatly facilitated our collaboration.



16 S. ALBEVERIO, A. HAHN, AND A. SENGUPTA

References
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