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Abstract. We construct rigorously an infinite dimensional dis-
tribution which corresponds to the Chern-Simons (CS) functional
integral associated with a principal fiber bundle over R3 with struc-
ture group a compact connected Lie group. We determine the ‘mo-
ments’ of the CS distribution and show that these coincide with
those used in informal studies of the CS integral. A locality prop-
erty of the CS distribution is proven. The complexified theory of
Fröhlich and King is also discussed within our framework.

1. Introduction

The purpose of this paper is to give a rigorous meaning to normalized integrals of
the form

∫
A e

iCS(A)φ(A)DA, where CS is the Chern-Simons action functional on the space
A of connections on a bundle over R3. We realize such a normalized integral as ΦCS(φ),
where ΦCS is a rigorously defined element of a Sobolev-type closure of a space L2(µ) where
µ is a Gaussian measure over g ⊕ g−valued distributions on R3 (g being the Lie algebra
of the gauge group). In this sense, ΦCS is an infinite-dimensional distribution. We prove
in section 3 that ΦCS has a certain locality property reminiscent of the Markov property
of some quantum fields. The n−point functions (or moments) for ΦCS often serve as a
basis for informal arguments used in the literature concerning Chern-Simons integrals; in
section 4 we determine these moments rigorously, showing that they agree with the values
one expects on a heuristic basis. In sections 5 and 6 we apply our framework to the
treatment of Chern-Simons theory in a complexified setting given by Fröhlich and King in
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[FK].

Much of the interest in Chern-Simons theory stems from the fact that certain topolog-
ical invariants associated with knots can be obtained in terms of Chern-Simons functional
integrals. A rigorous formulation of these functional integrals thus provides a solid basis
for investigations connecting such integrals with knot invariants. In this paper we shall be
content mainly with defining Chern-Simons functional integrals rigorously, the last section
providing some of the tools needed to proceed to knots in this context. The relationship
between Chern-Simons theory and knot theory is described (mainly at a heuristic level) in
numerous works; for instance, [At], [FK] and the groundbreaking work [Wi].

Infinite-dimensional distributions have been used to provide a rigorous formulation of
the Feynman path integral (chapter 12 of [HKPS] contains an exposition along with the
original references, such as de Faria et al. [FPS]). In the context of Chern-Simons theory
in the abelian case, rigorous formulations have been given by Schäfer [Sc] and Albeverio
and Schäfer [AS1,2,3] in terms of oscillatory integrals, and in terms of white noise analysis
(infinite-dimensional distribution theory) by Leukert and Schäfer [LS]. In [AS1,2,3, LS, Sc],
it was shown within a rigorous framework that suitably renormalized versions of holonomies
do yield link-invariants as expected from the heuristic theory.

The construction of the Chern-Simons distribution can be motivated by some ‘back-
of-the-envelope’-style calculations. As we shall see in section 2.1, the space of connec-
tions modulo gauge transformations can be identified with the space of g2−valued func-

tions (a, f) on R3, and the Chern-Simons action then has the form 〈a, f〉 where 〈·, ·〉
is an inner-product. To illustrate our procedure, let us replace for simplicity the space
of connections modulo gauge transformations by R × R and the action by the func-
tion (x, y) 7→ xy. Thus we are seeking to give meaning to normalized integrals of the
form

∫
eixyf(x, y)dxdy. In the infinite-dimensional situation there is no standard usable

Lebesgue measure, Gaussian measure being used instead; with this in mind we rewrite∫
eixyf(x, y)dxdy in the form 〈f〉 def

=
∫
eixy+|(x,y)|2/2f(x, y)e−|(x,y)|2/2 dxdy. The strat-

egy now is to view f 7→
∫
eixyf(x, y)dxdy as a distribution and realize this distribution

concretely as an element of a completion of L2(e−|(x,y)|2/2dxdy). In more detail, we ex-

pand eixy+|(x,y)|2/2 in orthonormal Hermite polynomials
∑

n cnHn(x, y) with the coeffi-
cients cn growing at a certain rate; then

∫
f(x, y)eixydxdy can be obtained by computing∑

n an(f)cn, where an(f) are the coefficients of the Hermite expansion of f . Thus the dis-
tribution f 7→

∫
eixyf(x, y)dxdy (for an appropriate class of test-functions f) is specified

completely by the coefficients cn, and these latter can be determined. For the Chern-
Simons distribution we carry out this procedure in the infinite dimensional setting of the
space of connections in place of R2.

A note on brackets. We adopt the following convention : Angular brackets of the form
〈·, ·〉, with or without subscripts, always denote inner-products. Brackets of the form (·, ·)k,
with subscript, always denote real or complex bilinear pairings. An expression of the form
(a, b), without subscript, denotes either an ordered pair of elements or the evaluation of a
functional a on an element b.

Acknowledgement. We wish to thank Jörg Schäfer for explaining some of his work
to us. We also thank Claas Becker for useful conversations. A. Sengupta acknowledges
research support from NSF grant DMS 9400961, U.S. Army Research Office #DAAH04-
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94-G-0249, and the Alexander von Humboldt Foundation.

2. The CS distribution

The goal of this section is to show that there is an infinite-dimensional distribution
whose evaluation on a test-function φ corresponds to the formal Chern-Simons integral
Z−1

CS

∫
A φ(A)eiCS(A)DA, where ZCS =

∫
A e

iCS(A)DA. To this end, we shall bring the CS
action into a quadratic form by appropriate gauge choice, review the basic framework of
the infinite-dimensional distribution theory provided by white noise analysis, and produce
a distribution which corresponds to the CS integrand. We work with Chern-Simons over
R3, but much of our framework is applicable to 3−manifolds of the type Σ ×R, with Σ
being a 2−dimensional manifold.

2.1. The Chern-Simons action CS and a gauge choice. We shall work with connections
on a principal G−bundle over R3, where G is a compact (or abelian) connected Lie group
with a fixed Ad-invariant inner-product 〈·, ·〉g. Using pullbacks by a fixed section of this

(trivial) bundle, connections will be taken to be g−valued 1−forms on R3. The Chern-
Simons action CS is given on such a 1−form A by:

CS(A) =
κ

4π

∫
R3

(
〈A ∧ dA〉+

1

3
〈A ∧ [A,A]〉

)
dvolR3 (2.1.1)

where κ is a non-zero constant, [A,A] is the 2−form whose value on a pair of vectors
(X,Y ) is 2[A(X), A(Y )], and 〈A ∧B〉, for a g−valued 1−form A and a g−valued 2−form
B, is the 3−form whose value on (X,Y, Z) is given by the skew-symmetrized form of
〈A(X), B(Y,Z)〉g. There is a natural constraint (gauge invariance of eiCS(A)) which should

be imposed on the constant κ, but we will not make any explicit use of this. (We shall use
only (2.1.1), but general background on the Chern-Simons functional is available in the
original work [CS]).

Every connection over R3 can be gauge transformed into the form

A = a0dx0 + a1dx1 (2.1.2)

where a0 and a1 are functions over R3 taking values in the Lie algebra g, and

a1|(R2 × {0}) = 0 and a0|(R× {(0, 0)}) = 0 (2.1.3)

In this gauge the Chern-Simons action CS(A) loses the cubic term and, after integration
by parts (assuming fast enough decay of A) , becomes:

CS(a0, a1)
def
= − κ

2π

∫
R3

〈a0(x), ∂2a1(x)〉g dvolR3(x) =
κ

2π
〈a0,−∂2a1〉L2(R3;g) (2.1.4)

Thus Chern-Simons integrals then take the form∫
A′
φ(a0, a1)eiCS(a0,a1)Da0Da1 (2.1.5)
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where the integral is now over the space A′ of (a0, a1) satisfying (2.1.3), and φ is “any”
function on this space. The transformation of the ‘Lebesgue measure’ DA to Da0Da1

works (informally of course) essentially because the gauge choice (2.1.3) involves only
linear constraints.

2.2. Synopsis of the White Noise Analysis framework. In finite-dimensional analysis,
Sobolev completions of L2(Rn) provide useful spaces wherein ‘functions’ of varying degrees
of singular behavior, such as measures and distributions, can be realized. Analogously, in
white noise analysis one completes the L2 space over an infinite-dimensional space (with
a Gaussian measure) with respect to analogs of Sobolev-type norms. We shall seek the
Chern-Simons integral in such a framework.

The basic framework of white noise analysis is quite flexible, but for now we describe
one format. Consider a real separable Hilbert space E, with inner-product 〈·, ·〉, and vector
subspaces E1 ⊃ E2 · · ·, each Ep being a Hilbert space with inner-product 〈·, ·〉p (we take the

case p = 0 to be the same as E) such that : (i) E def
= ∩pEp is dense in E and in each Ep, (ii)

|u|p ≤ |u|q for every q ≥ p and u ∈ Eq, (iii) for every p, the Hilbert-Schmidt norm ||iqp||HS

of the inclusion iqp : Eq → Ep is finite for some q ≥ p and limq→∞ ||iqp||HS = 0. Identifying
E0 with its dual E∗0 , there is the chain of spaces:

E def
= ∩pEp ⊂ · · · ⊂ E2 ⊂ E1 ⊂ E0 = E ' E∗0 ⊂ E−1 ⊂ E−2 · · · ⊂ E∗

def
= ∪pEp (2.2.1)

where E−p = E∗p , p ∈ Z. In a typical example, one has a Hilbert-Schmidt operator K, with
Hilbert-Schmidt norm ||K||HS < 1, and Ep is the range Im(Kp), and 〈u, v〉p = 〈K−pu,K−pv〉.

According to Minlos’ theorem there is a unique probability measure µ on the Borel
σ−algebra (of the weak topology) on E∗ such that for every x ∈ E the function

E∗ → R : φ 7→ (φ, x)
def
= φ(x)

is a mean 0 Gaussian of variance |x|20. By unitary extension, for every x ∈ E there is a
µ−almost-everywere defined mean 0, variance |x|20, Gaussian random variable (·, x) on E∗,
and this extends by complex-linearity to complex Gaussians corresponding to elements z
of the complexification EC of E.

The inner-product on E induces a complex bilinear form (·, ·)0 , in addition to a
Hermitian inner-product 〈·, ·〉0, on EC. Let Fs(EC) be the symmetric Fock space over EC,
i.e. the Hilbert space obtained by completing the symmetric tensor algebra over EC with
respect to the inner-product given by

〈〈∑
n un,

∑
m vm

〉〉
0

=
∑
n n!〈un, vn〉0, wherein un

and vn are n-tensors and, in the summand, 〈·, ·〉0 also denotes the inner-product induced on
n-tensors induced by the inner-product on EC. The Hermite-Itô-Segal unitary isomorphism

I : L2(E∗, µ)→ Fs(EC) (2.2.2a)

is specified by
I(e(·,z)−(z,z)0/2) = Exp z (2.2.2b)

for every z ∈ EC, where (·, z) : E∗ → C : φ 7→ φ(z) and

Exp z = 1 + z +
z⊗2

2!
+
z⊗3

3!
+ · · · ∈ Fs(EC) (2.2.2c)
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The inner-product 〈·, ·〉p, restricted (for p < 0) to EC, produce inner-products 〈〈·, ·〉〉p on
Fs(EC) in the usual way and these transfer by I to inner-products, also denoted 〈〈·, ·〉〉p,
on L2(E∗, µ). These correspond to the finite-dimensional Sobolev norms. A white noise
distribution over E∗ is any element of the completion [E−p] of L2(E∗, µ) with respect to the
dual norm 〈〈·, ·〉〉−p, for any integer p ≥ 0. We shall realize the Chern-Simons integrand
as such a distribution for an appropriate choice of the spaces Ep. Let us note the chain of
inclusions of Hilbert spaces

[E ] ⊂ · · · ⊂ [E2] ⊂ [E1] ⊂ [E0] = L2(E∗, µ) ' [E−0] ⊂ [E−1] ⊂ · · · ⊂ [E ]∗ (2.2.3a)

where
[E ]

def
= ∩p[Ep], and [E ]∗

def
= ∪p[E−p] (2.2.3b)

An element of [Ep] is of the form I−1(z0 + z1 + · · ·) where each zn ∈ (Ep)⊗nC and the
norm-squared

∑∞
n=0 n!|zn|2p <∞, where | · |p here is the norm on the tensor power (Ep)⊗nC

induced by 〈·, ·〉p on Ep.
Elements of [E ] are taken to be the test functions over E∗, and [E ]∗ is the corresponding

space of distributions.
The topology on [E ] is the smallest one which makes the inclusions [E ] ⊂ [Ep] continu-

ous. Then [E ]∗ is identifiable as the dual of [E ]. A sequence of elements φn ∈ [E ] converges
in [E ] if there is an element φ ∈ [E ] such that ||φn − φ||p → 0, as n → ∞, for every p; this
φ is then the limit in [E ] of the sequence (φn).

It is readily verifiable that for z ∈ EC the series for Exp z given by (2.2.2c) converges
in [E ]. Moreover, z 7→ Exp z is infinitely differentiable relative to any of the norms | · |p,
and the k−th derivative at 0 is given by :

Exp (k)(0)(z1, ..., zk) = z1⊗̂ · · · ⊗̂zk
def
=

1

k!

∑
σ∈Sk

zσ(1)⊗̂ · · · ⊗̂zσ(k) (2.2.4)

If u1, ..., un are 〈·, ·〉0−orthonormal elements of E then for any real t1, ..., tn, we have

e(·,t1u1+···+tnun)− 1
2 |t1u1+···+tnun|20 =

∑
k1,...,kn≥0

tk11 · · · tknn
k1! · · · kn!

Hk1 ((·, u1)) · · ·Hkn ((·, un))

(2.2.5a)
the series converging pointwise on E∗ and in L2(E∗, µ) (i.e. in the || · ||0−norm in [E ]0), and
Hk(x) is the Hermite polynomial specified by

etx−
1
2 t

2

=

∞∑
k=0

tk

k!
Hk(x)

On the other hand, we have

Exp (t1u1 + · · ·+ tnun) =
∑

k1,...,kn≥0

tk11 · · · tknn
k1! · · · kn!

u⊗k11 ⊗̂ · · · ⊗̂u⊗knn (2.2.5b)
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the series converging in the Fock space Fs(E) (i.e. in the ||·||0−norm in Fs(E)). Comparing
(2.2.5a, b) one has

I (Hk1 ((·, u1)) · · ·Hkn ((·, un)) ) = u⊗k11 ⊗̂ · · · ⊗̂u⊗knn (2.2.6)

valid for 〈·, ·〉0−orthonormal u1, ..., un.
Combining (2.2.6) with the derivative relation (2.2.4), and noting that I is, by def-

inition of the norms, a unitary isomorphism between [E ]p and Fs ((Ep)C), we conclude
that for any 〈·, ·〉0−orthonormal u1, ..., un ∈ E , the functions Hk1 ((·, u1)) · · ·Hkn ((·, un))

are in the [E ]−closure of the linear span of the set of elements of the form e(·,x)− 1
2 (x,x)0

with x running over the linear span of u1, ..., un. Since Hermite polynomials form a ba-
sis for all polynomials we conclude, by using Gramm-Schmidt orthogonalization, that if
x1, ..., xn ∈ E then :

every polynomial in the variables (·, x1), ..., (·, xn) belongs to

the [E ]−closure of the linear span of

{
e

(
·,
∑n

j=1
tjxj
)
− 1

2

∣∣∑n

j=1
tjxj

∣∣2
0 ; t1, ..., tn ∈ R

}
(2.2.7)

Since, as already noted, the series for Expx converges in all || · ||p−norms we see that the
[E ]−closure of the set of polynomials in (·, x1),...,(·, xn) equals the closure of the linear

span of the set of elements of the form e(·,v)− 1
2 (v,v)0 with v running over the linear span of

x1, ..., xn.
The space [E ] of ‘test functions’ is, within the framework we shall use, an algebra

under pointwise multiplication and addition; in fact, there exists a constant C and an
integer r ≥ 0 such that for any large integer p and any φ, ψ ∈ [E ],

||φψ||p ≤ C||φ||p+r||ψ||q+r (2.2.8)

which says, in particular, that [E ]×[E ]→ [E ] : (φ, ψ) 7→ φψ is continuous ([HKPS :Theorem
4.9]).

A distribution is characterized conveniently by its S-transform (an extension of the
Segal-Bargmann-Fock transform to distributions). If Φ ∈ [E ]∗ then SΦ is a function on
EC:

SΦ(z)
def
=
(

Φ, e(·,z)−(z,z)0/2
)

(2.2.9)

this being the evaluation of Φ on e(·,z)−(z,z)0/2 ∈ [E ]. According to the Potthoff-Streit
characterization theorem (Theorem 4.38 in [HKPS]), a function Ψ : EC → C is of the form
SΦ for some Φ ∈ [E ]∗ if and only if :

(S1) Ψ(w + λz) is holomorphic in λ ∈ C for every w, z ∈ EC and

(S2) there are non-negative constants A,B and an integer p ≥ 0 such that |Ψ(z)| ≤ AeB|z|
2
p

for every z ∈ EC.
In fact Φ is recovered from Ψ by the simple formula :

Φ(x) =
∞∑
n=0

n!

(
DnΨ(0)

n!
, In(x)

)
(2.2.10)
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wherein the summand is the evaluation of DnΨ(0) : E⊗nC → C (the n−the derivative of
Ψ at 0) on In(x), the latter being the component number n of I(x) ∈ Fs(EC) (here x ∈
[E ] ⊂ L2(E∗, µ)). Thus, roughly speaking, Φ is obtained by expanding Ψ in a Taylor series
and replacing the monomials by corresponding Hermite-monomials. The holomorphicity
condition (S1) provides a Cauchy integral formula for DnΨ(0) which, together with the
growth condition (S2), leads to the appropriate convergence in (2.2.10) and hence the
characterization theorem alluded to above.

Before returning to the Chern-Simons context, we wish to note again that there is
a certain amount of flexibility in setting up the basic framework of white noise analysis.
We summarize some of the important common elements of this framework. The basic
structure consists of a triple E ⊂ E0 ⊂ E∗, where E0 is a real Hilbert space (identified in
the usual way with its dual E∗0 ), and E is a subspace which is equipped with the topology
specified by a family of inner-products 〈·, ·〉p (including p = 0, the inner-product on E0)
satisfying the condition that for any such p1 and any ε > 0, there is a p2 (≥ p1) such
that the identity map on E , viewed as a map from the inner-product space (E , 〈·, ·〉p2) to
(E , 〈·, ·〉p1), is Hilbert-Schmidt with Hilbert-Schmidt norm less than ε. One then considers
the Gaussian L2−space L2(E∗, µ) and identifies a subspace [E ] of test-functions on E∗
(these test functions do in fact have versions which are pointwise defined and continuous
on E∗, and [E ] is an algebra under pointwise multiplication). This space [E ] is equipped
with inner-products 〈〈·, ·〉〉p arising from those on E , and there is a corresponding dual space
[E ]∗ whose elements are considered to be distributions over E∗.

2.3. The spaces E and Ep for Chern-Simons. We shall apply the above framework
with

E = L2
real(R

3; g ⊕ g) ' (L2
real(R

3)⊗ g)⊕ (L2
real(R

3)⊗ g) (2.3.1)

Here L2
real(R

3) is the space of real-valued functions which are square-integrable with respect
to Lebesgue measure on R3. To connect with the Chern-Simons setting, a point in E
should be viewed as corresponding to the pair (a0,−∂2a1) in our previous notation. Thus
if (a0, f1) is a smooth pair in E then (a0, a1), where a1(x0, x1, x2) = −

∫ x2

0
f1(x0, x1, t) dt,

satisfies the first constraint in (2.1.3). We shall not enforce the second constraint in (2.1.3);
not imposing this constraint means that we sum over all the equal contributions of part
of a gauge orbit, and this is all right since in the end we normalize. We take the operator
K to be identity on g ⊕ g and given by K⊗3

1 on L2
real(R)⊗3 ' L2

real(R
3), where K1 is the

operator 1
4

(
− d2

dx2 + x2

4

)−1

on L2
real(R). Thus Ep is the space

{
(Kpa0,Kpf1) : a0, f1 ∈ L2

real(R
3)⊗ g

}
and the 〈·, ·〉p inner-product is specified by the norm

||(a0, f1)||2p = ||K−pa0||2L2(R3;g) + ||K−pf1||2L2(R3;g)

The inner-product on Ep (including the case p = 0) will be denoted 〈·, ·〉p, and the corre-
sponding bilinear form on (Ep)C by (·, ·)p.
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2.4. The distribution spaces for (a0, a1). We can pass back to the (a0, a1) formalism
by starting with a space of g2−valued smooth functions (a0, a1), satisfying the constraints
(2.1.3), and completing this space with the norm specified by

||(a0, a1)||20 = ||a0||2L2(R3;g) + ||∂2a1||2L2(R3;g) (2.4.1)

Then the mapping (a0, a1) 7→ (a0, ∂2a1) extends to a unitary isomorphism of the new
completed space Ẽ0 with the Hilbert space E0. The spaces Ep may similarly be transferred

to the setting of the (a0, a1) space Ẽ0.

2.5. The Chern-Simons integrator as a distribution. Instead of (a0, a1) we shall use
(a0, f1), where f1 = ∂2a1, as coordinates on the space of connections; thus with this
convention, the Chern-Simons action takes the simple form :

CS(a0, f1) =
κ

2π
〈a0, f1〉L2(R3;g) (2.5.1)

A formal computation with (j0, j1) ∈ E shows that

1

N

∫
eiCS(a0,f1)e((a0,f1),i(j0,j1))0−(i(j0,j1),i(j0,j1))0/2Da0Df1

= e
2π
κ i(ij0,ij1)L2(R3;g)−(i(j0,j1),i(j0,j1))0/2

(2.5.2)

where N is the normalizer
∫
eiCS(a0,f1)Da0Df1. This computation, being in any case

informal, is done most easily by pretending that a0, f1, j0, j1 were real variables.
In view of (2.5.2), it is natural to make the following definition :
The Chern-Simons integrator is the distribution ΦCS whose S-transform is :

(SΦCS)(j0, j1) = e
2π
κ i(j0,j1)L2(R3;g)−((j0,j1),(j0,j1))0/2 (2.5.3)

Since conditions (S1) and (S2) of section 2.2 are clearly satisfied by the right side of
(2.5.3), it follows that there is a unique distribution ΦCS satisfying (2.5.3).
The S-transform condition (2.5.3) is equivalent to :

ΦCS

(
e(·,j)

)
= e

i 2πκ (j0,j1)L2(R3;g) (2.5.4)

where j = (j0, j1) ∈ EC and (·, ·)L2(R3;g) is the complex-bilinear extension of the inner-

product of 〈·, ·〉L2(R3;g).

In keeping with standard notation, if ψ ∈ E then we shall often write ΦCS(ψ) as 〈ψ〉
CS

:

〈ψ〉
CS

= ΦCS(ψ) (2.5.5)
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3. Locality of the CS distribution

The purpose of this section is to prove the following locality property of the Chern-
Simons distrbution.

3.1. Theorem. For any set C ⊂ R3, denote by PC the closure in [E ] of the set of all
polynomials in (·, x) as x runs over the elements of E which vanish outside C. Then for
any disjoint sets A,B ⊂ R3 and any ψA ∈ PA and ψB ∈ PB ,

〈ψAψB〉CS
= 〈ψA〉CS

〈ψB〉CS
(3.1.1)

Proof . First consider x, y ∈ E with x|Ac = 0 and y|Bc = 0. Then

|x+ y|20 = |x|20 + |y|20 (3.1.2)

and so

ΦCS

(
e(·,x)− 1

2 |x|
2
0e(·,y)− 1

2 |y|
2
0

)
= ΦCS

(
e(·,x+y)− 1

2 |x+y|20
)

= (SΦCS) (x+ y)

(2.5.3)
= e

2π
κ i〈x0+y0,x1+y1〉L2(R3;g)−

1
2 |x+y|20

= e
2π
κ i〈x0,x1〉L2(R3;g)−

1
2 |x|

2
0e

2π
κ i〈y0,y1〉L2(R3;g)−

1
2 |y|

2
0

(2.5.3)
= ΦCS

(
e(·,x)− 1

2 |x|
2
0

)
ΦCS

(
e(·,y)− 1

2 |y|
2
0

)
(3.1.3)

Thus the locality relation (3.1.1) holds when ψA is in

LA
def
= the linear span of {e(·,x)− 1

2 |x|
2
0 ; x ∈ E , x|Ac = 0} (3.1.4)

and ψB ∈ LB . From the observation in (2.2.7), the closure of LA in [E ] contains all
polynomials in (·, x) with x ∈ E and x|Ac = 0. This, together with the continuity of
multiplication stated in (2.2.8), implies that the locality relations (3.1.1) holds for every
ψA ∈ PA and ψB ∈ PB .

It should be kept in mind that the above result is in terms of our framework involving
the space of pairs (a0, f1); a reformulation can be made in terms of the pairs (a0, a1)
discussed in section 2.4.

General examples of elements of the classes PA used in Theorem 3.1 can be obtained
using a result from Kubo and Kuo [KK]. Denote a multi-index (k1, ..., kn), with each
kj a non-negative integer, by k, and then denote by |k| the sum k1 + · · · + kn; denote
by Hk the Hermite polynomial on Rn given by Hk1(x1) · · ·Hkn(xn). If f is a function
on Rn whose Hermite expansion

∑
k ckHk has coefficients satisfying

∑
k |k|!et|k||ck|2 <

∞ for every t > 0, then for any 〈·, ·〉0−orthonormal vectors u1, ..., un in E , the func-
tion f ((·, u1), ..., (·, un)) belongs to [E ], and hence to PA if each ui vanishes outside A.

9
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4. n−point functions of the Chern-Simons Distribution

Often the informal Chern-Simons functional integral is taken to be specified through
the ‘n−point functions’

1

ZCS

∫
A
a0(p1) · · · a0(pn)a1(p′1) · · · a1(p′m)eiCS(A)DA

where A = a0dx0 + a1dx1, as before, and p1, ..., pn, p
′
1, ..., p

′
m are arbitrary points in R3.

The goal of this section is to determine these ‘n−point functions’, or ‘moments’, of the
distribution ΦCS rigorously in our setting (in particular we shall work with f1 = −∂2a1

rather than a1, and with smeared values of the field a0 and f1 instead of pointwise values).
The values we determine coincide with the values obtained by standard heuristic reasoning.
Actually we shall start with the ‘moment generating function’ ΦCS

(
e(·,t1u1+···+tnun)

)
as

determining the moments, instead of the polynomial form ΦCS

(
(·, u1)k1 · · · (·, un)kn

)
.

4.1. Interpretation of certain integrals. Let X be a finite dimensional real vector
space with an inner-product 〈·, ·〉0, and let B be the quadratic form on X2 given by
B(x, y) = −i κ2π 〈x0, y1〉0, where x = (x0, x1), y = (y0, y1) ∈ X2. Let Bε be non-degenerate
quadratic forms on X2 such that Re(Bε) > 0 and limε→0Bε = B. Then for an exponential
function φ on X2 we define∫

e−B(x,x)φ(x) dx∫
e−B(x,x) dx

def
= lim

ε→0

∫
e−Bε(x,x)φ(x) dx∫
e−Bε(x,x) dx

(4.1.1)

As we shall see in (4.2.4) in the proof below, if λ1, ..., λn are linear functionals on X2

then the normalized integral

∫
e−B(x,x)e(t1λ1+···+tnλn)(x) dx∫

e−B(x,x) dx
is the exponential of a quadratic

function of the tj and can therefore be expanded in a power series in these tj ; the coefficient

of
t
k1
1 ···t

kn
n

k1!···kn! will be taken to be∫
e−B(x,x)(λ1, x)k1 ...(λn, x)kn dx∫

e−B(x,x) dx
(4.1.2)

(The integral in (4.1.2) is not defined directly by (4.1.1).)
For the following result on moments of ΦCS, recall that each element of E is of the

form (a0, f1) where a0 and f1 are smooth g−valued functions on R3 and that, as in (2.2.1),
E is identified as a subset of E∗ by means of the inner-product 〈·, ·〉0.

4.2. Theorem (Moments for ΦCS). Let V be a finite dimensional space with V 2 ⊂ E .
Then

〈φ〉
CS

=

∫
V 2 e

i κ2π 〈a0,f1〉L2(R3;g)φ ((a0, f1)) da0df1∫
V 2 e

i κ2π 〈a0,f1〉L2(R3;g) da0df1

(4.2.1)

holds if φ is any finite linear combination of exponential functions of the form e(·,v) with v
running over V 2, and polynomial functions in variables (·, w) with w again running over
V 2, and da0df1 is Lebesgue measure on V 2 corresponding to the inner-product 〈·, ·〉0.

10
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Proof. Recall from (2.5.4) that if v = (v0, v1) ∈ EC then

ΦCS

(
e(·,v)

)
= e

i 2πκ (v0,v1)L2(R3;g) (4.2.2)

On the other hand, for any non-degenerate quadratic form Bε on V 2 (viewed also as an
operator on V by means of the inner-product 〈·, ·〉0) with positive-definite real part,∫

V 2 e
−Bε(x,x)e(x,v)0 dx∫
V 2 e−Bε(x,x) dx

= e
1
4 (v,B−1

ε v)L2(R3;g) (4.2.3)

Taking limε↓0Bε = B = κ
2π

(
0 − i

2

− i
2 0

)
, as a matrix on V ⊕ V , we then have

∫
V 2 e

−B(x,x)e(x,v)0 dx∫
V 2 e−B(x,x) dx

= ei
2π
κ (v0,v1)0 (4.2.4)

Thus (4.2.1) holds when φ is itself an exponential function, and hence also if φ is a finite
linear combination of such functions.

Now choosing an orthonormal basis u1, ..., un for V , for any real t1, ..., tn we have the
[E ]−convergent expansion

e(·,t1u1+···+tnun)− 1
2 |t1u1+···+tnun|20 =

∑
k1,...,kn≥0

tk11 · · · tknn
k1! · · · kn!

Hk1 ((·, u1)) · · ·Hkn ((·, un))

and hence, applying ΦCS we see that the definition in (4.1.2) is meaningful, and also that the
desired relation (4.2.1) holds if φ is a polynomial of the form Hk1 ((·, u1)) · · ·Hkn ((·, un)).
Since the Hermite polynomials form a vector-space basis for all polynomials it follows that
(4.2.1) holds for all polynomials in the variables (·, u1), ..., (·, un), i.e. for all polynomials
φ on V 2.

5. The Fröhlich-King setting

5.1. The complexified setting. Fröhlich and King [FK] have studied Chern-Simons
theory in a setting where a pair of the coordinates are complexified; they start with a
coordinate system (x0, x1, x2) which is related to our (x0, x1, x2) by :

x1 = x1 + x2 and x2 = x1 − x2 (5.1.1)

(Our (x0, x1, x2) correspond to (x0, x+, x−) in [FK].) Then the x2−coordinate is made
imaginary; thus:

x1 becomes a complex coordinate z, and x2 becomes the conjugate z.
A typical connection, in the gauge used earlier, can then be expressed in the form

a = a0dx0 + a1dz (5.1.2)

11
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(In [FK], a1 is denoted 1
2A+.)

The Chern-Simons functional becomes

CS(a0, a1) = −iκ
π

∫
R×C

(a0, ∂za1)g dvolR×C (5.1.3)

where ∂z is 1
2

(
∂
∂x + i ∂∂y

)
if z = x + iy, and (·, ·)g is the complex-bilinear extension of

〈·, ·〉g.
If (j0, j1) is a pair of g−valued test functions on R × C, an informal computation

shows that

1

N ′

∫
eiCS(a0,a1)e((a0,a1),i(j0,j1))0−(i(j0,j1),i(j0,j1))0/2Da0Da1

= e
−πκ (∂−1

z
ij0,ij1)

L2(R3;g)
−(i(j0,j1),i(j0,j1))0/2

(5.1.4)

where N ′ is the normalizer
∫
eiCS(a0,a1)Da0Da1, and

(
∂−1
z j1

)
(x0, x1, x2)

def
= − 1

π

∫
R2

j0(x0, x+ iy)

(x+ iy)− (x1 + ix2)
dxdy (5.1.5)

(see, for instance, Lemma II.2.2 in [FKr]). Thus we consider the complex symmetric
quadratic form Q on the space E of g2

C
−valued test-functions on R×C specified by

Q ((j0, j1), (j0, j1)) = − 1

π

∫
R

dx0

∫
C2

〈j0(x0, z), j1(x0, z
′)〉g

z − z′
dλ(z)dλ(z′) (5.1.6)

where λ is Lebesgue measure on C = R2; the convergence of the integrals on the right
may be seen as follows. The inner integral can be replaced by∫

C2

〈j0(x0, z + w), j1(x0, z)〉g
w

dλ(w)dλ(z)

Since j0 and j1 decrease rapidly, we need only focus on a neigborhood of 0 in R×C2. On
such a neighborhood 1/w is integrable, and so the integral on the right of (5.1.6) converges
absolutely.

As in section 2.3, there is a chain of spaces

E = ∩pEp ⊂ · · · ⊂ E2 ⊂ E1 ⊂ E0 ⊂ E−1 ⊂ E−2 ⊂ · · · ⊂ ∪pEp = E∗ (5.1.7)

where E0 is the L2−space of g2−valued functions on R×C, and the inner-products for Ep
are chosen by means of a Hilbert-Schmidt operator as before. Correspondingly, there is a
Gaussian L2−space L2(E∗, µ), a space [E ] of test-functions on E∗, and a corresponding dual
space [E ]∗ of distributions. It may be verified that Q is continuous with respect to one of
the usual Schwartz norms, and so there are constants c and p ≥ 0 such that |Q(j, j)| ≤ c|j|2p

12
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for all j ∈ E . Therefore, as explained in the context of (2.2.10), there is a distribution
ΦFK

CS ∈ [E ]∗ such that (
SΦFK

CS

)
(j) = e−

π
κQ(j,j)− 1

2 (j,j)0 (5.1.8)

where j = (j0, j1) ∈ [E ] and S is the S-transform as defined in (2.2.9); equivalently,

ΦFK
CS

(
e(·,j)

)
= e−

π
κQ(j,j) (5.1.9)

We shall use the notation 〈φ〉CS in the present setting to mean ΦFK
CS (φ):

〈φ〉CS
def
= ΦFK

CS (φ) (5.1.10)

5.2. Locality. An analog of the locality result given in Theorem 3.1 holds in the
complexified setting; this is a rigorous formulation of the “crucial fact” referred to by
Fröhlich and King in the context of equation (2.2) in [FK].

As in Theorem 3.1, for C ⊂ R3, let PC be the closure in [E ] of the set of polynomials in
(·, j) as j runs over elements of E which vanish outside C. We say that sets A,B ⊂ R×C
are time-wise disjoint if there are no points of the form (t, z) and (t, z′) with (t, z) ∈ A and
(t, z′) ∈ B. Then we have the following analog of Theorem 3.1 for the present setting :

If A and B are time-wise disjoint subsets of R×C then for any ψA ∈ PA and ψB ∈ PB
〈ψAψB〉CS = 〈ψA〉CS〈ψB〉CS (5.2.1)

The proof is similar to that for Theorem 3.1. We observe that if x, y ∈ E are such
that x|Ac = 0 and y|Bc = 0 then

|x+ y|20 = |x|20 + |y|20 and Q(x+ y, x+ y) = Q(x, x) +Q(y, y) (5.2.2)

and so

ΦFK
CS

(
e(·,x)− 1

2 |x|
2
0e(·,y)− 1

2 |y|
2
0

)
= ΦCS

(
e(·,x+y)− 1

2 |x+y|20
)

=
(
SΦFK

CS

)
(x+ y)

(5.1.8)
= e−

π
κQ(x+y,x+y)− 1

2 |x+y|20

(5.2.2)
= e−

π
κQ(x,x)− 1

2 |x|
2
0e−

π
κQ(y,y)− 1

2 |y|
2
0

(5.1.8)
= ΦFK

CS

(
e(·,x)− 1

2 |x|
2
0

)
ΦFK

CS

(
e(·,y)− 1

2 |y|
2
0

)
(5.2.3)

Taking linear combinations and using continuity, we obtain (5.2.1).

5.3. 2−point functions. Let ψ1 = (ψ10, ψ11) and ψ2 = (ψ20, ψ21) be elements of E .
Then 〈(·, ψ1)(·, ψ2)〉CS is the coefficient of t1t2 in the expansion of 〈e(·,t1ψ1+t2ψ2)〉CS. In
view of the expression for 〈e(·,ψ)〉CS given in (5.1.9), we then have

〈(·, ψ1)(·, ψ2)〉CS = −π
κ
Q(ψ1, ψ2)

(5.1.6)
=

1

2κ

∫
(R×C)2

δ(t− s)
z − w

{
〈ψ10(t, z), ψ21(s, w)〉g

+ 〈ψ20(t, z), ψ11(s, w)〉g
}
dt dλ(z) ds dλ(w)

(5.3.1)
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where λ is Lebesgue measure on C. This can be expressed more concisely : choosing an
orthonormal basis {e1, ..., ed} for g, and writing a0 =

∑d
r=1 a

r
0er and similarly for a1, we

can rewrite (5.3.1) in the form :

〈aq0(t, z)ar0(s, w)〉CS = 0 = 〈aq1(t, z)ar1(s, w)〉CS (5.3.2a)

〈aq0(t, z)ar1(s, w)〉CS =
1

2κ
δqr

δ(t− s)
z − w

(5.3.2b)

where q, r ∈ {1, ..., d}; these equations should be interpreted after ‘integrating’ against
the functions ψij . Equation (5.3.1) (or, equivalently, (5.3.2a, b)) constitute a rigorous
formulation of the two-point functions given in (2.1) of [FK].

6. The parallel-transport equations of Fröhlich-King

Fröhlich and King [FK] have shown how consideration of parallel-transport in their
complexified framework leads to the Knizhnik-Zamolodchikov equation (equation (6.4.7)
below). In this section we shall show how this fits into our framework.

The derivation of the Knizhnik-Zamolodchikov equation (in the complexified Chern-
Simons setting) in [FK] is informal. Our discussion is rigorous except for the following
inter-related technical issues which we expect can be settled : (i) the definition in equa-
tion (6.4.2) and the expressions in (6.4.3a, b) below require a further regularization to be
rigorously meaningful; (ii) the steps (6.4.5) and (6.4.7), involving limits, have not been
justified. Nevertheless, the discussion in this section shows how our framework permits a
precise formulation of questions related to parallel-transport in the Chern-Simons context
including, in particular, some of the considerations of [FK].

We shall take G to be a matrix group.

6.1. Parallel-transport. The equation for parallel transport by a connection (a0, a1, 0)
along a path t 7→ (t, x1(t), x2(t)) ∈ R3 is :

dut(a0, a1)

dt
= − [a0(t, x1(t), x2(t)) + a1(t, x1(t), x2(t))x′1(t)]ut(a0, a1) (6.1.1)

where t 7→ ut(a0, a1) is G−valued, and u0 = e the identity in G.
Going over to the complexified setting we have the parallel-transport equation

dut(a0, a1)

dt
= − [a0(t, z(t)) + a1(t, z(t))z′(t)]ut(a0, a1) (6.1.2)

This equation is rigorously meaningful if a0, a1 are smooth. In the context of our Chern-
Simons theory, (a0, a1) are in E∗, i.e. a0, a1 are distributions over R3, and so (6.1.2)
is not rigorously meaningful in this setting. In section 6.3 below, we shall consider a
mathematically well-defined ‘smeared’ version of (6.1.2).

First we rewrite the parallel-transport equation (6.1.2) in a more convenient form (as
is done also in [FK]). Dropping the argument (a0, a1), we will denote ut(·) as u(t). The
equation of parallel-transport may be written as

du(t) = − [dL(t) + dM(t)]u(t) (6.1.3)
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where

L(t) =
∫ t

0
a0 (s, z(s)) ds and M(t) =

∫ t
0
a1 (s, z(s)) z′(s) ds (6.1.4)

6.2. Component-wise formulation. It will be convenient for our present purposes to
work with the standard white-noise framework, using real-valued, rather than g2−valued
test-functions and distributions. To this end we use the standard white-noise triple

S(R3) ⊂ L2
real(R

3) ⊂ S∗(R3) (6.2.1)

and the corresponding infinite-dimensional spaces

[S] ⊂ [S]0
def
= L2

(
S∗(R3), ν

)
⊂ [S]∗ (6.2.2)

where ν is the Gauss-measure on S∗(R3) (defined using the L2(R3)−norm).
To relate to our previous account,

E =
(
S(R3)⊗ g

)
⊕
(
S(R3)⊗ g

)
(6.2.3a)

E∗ =
(
S∗(R3)⊗ g

)
⊕
(
S∗(R3)⊗ g

)
(6.2.3b)

Thus a typical element of [E ]∗ can be written as (a0, a1) with

aα =
d∑
r=1

arαer

wherein {e1, ..., ed} is an orthonormal basis of g and the arα’s are ordinary distributions

over R3.
The specification of the distribution ΦFK

CS requires that for any u0, u1 ∈ g and φ0, φ1 ∈
S(R3),〈

e
∫
〈a0(s,z),φ0(s,z)u0〉g dsdλ(z)+

∫
〈a1(s,z),φ1(s,z)u1〉g dsdλ(z)

〉
CS

= e
−πκ

{∫
R×C2

φ0(s,z)φ1(s,w)

z−w dsdλ(z)dλ(w)

}
〈u0,u1〉g

(6.2.4)

(We are writing
∫
〈aα(s, z), φα(s, z)uα〉g dsdλ(z) to mean the sum

∑d
j=1 a

j
α(φα)〈ej , uα〉g.

The expression within 〈·〉CS on the left is taken as a function of (a0, a1) ∈ E∗; the complete
expression 〈·〉CS on the left is a function of (φ0u0, φ1u1) ∈ E). The 2−point functions given
in (5.3.2a, b) can also be obtained from (6.2.4).

For fixed φ ∈ S(R3), and α = 0, 1, the integral∫
R

ds

∫
C

dλ(z) aα(s, z)φ(s, z), (6.2.5a)
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as a function of aα, is a g−valued Gaussian random variable, with mean 0 and L2−norm
||φ||L2(R3). By isometric extension, (6.2.5a) is meaningful, as an almost everywhere defined
Gaussian random variable, for every φ ∈ L2(R3), and hence so is∫ t

0

ds

∫
C

dλ(z) aα(s, z)φ(s, z), (6.2.5b)

It is readily seen that aα(f) and aα(h) are independent when f and h have disjoint support.

Thus the integral in (6.2.5b) at t+∆t is the sum of the integral
∫ t

0
· · · and the independent

mean−0 random variable given by the integral
∫ t+∆t

t
· · · . Consequently, (6.2.5b) is a

martingale in its dependence on t.

6.3. Smeared parallel-transport. Let t 7→ (t, z(t)) be a C∞ path in R×C. For ε > 0,
we choose a 2-dimensional ‘bump function’ ψε, centered at the origin 0 ∈ C, and vanishing
outside a disk of radius ε. In view of the observations made in the context of (6.2.5), the
integrals

Lε(t) =

∫ t

0

ds

∫
C

a0(s, z)ψε(z − z(s)) dλ(z) (6.3.1a)

M ε(t) =

∫ t

0

ds

∫
C

a1(s, z)ψε(z − z(s))z′(s)dλ(z) (6.3.1b)

are meaningful for µ−almost every (a0, a1) and are g−valued martingales.
According to standard practice, the smeared version of the parallel-transport equation

(6.1.3) ought to be a Stratonovich stochastic differential equation, with L and M replaced
by Lε and M ε. If we were to do this and then apply the distribution ΦFK

CS we would run into
singularities. For this reason, we use the Itô version of (6.1.3) (as is done also in [FK]) and
take the smeared parallel-transport equation to be the Itô stochastic differential equation:

duε(t) = −[dLε(t) + dM ε(t)]uε(t) (6.3.2)

After application of ΦFK
CS the choice of the Itô equation, as opposed to the Stratonovich

form, appears to be a type of renormalization.

6.4. The Fröhlich-King parallel-transport equation. As mentioned before, the argu-
ments in this section will be informal to the extent stemming from the fact that equation
(6.4.2) below requires consideration of a further regularization to be meaningful (such a
regularization would lead to modifications in (6.4.3b, c), (6.4.5), and in the interchange of
limits in (6.4.7)).

The solution of the smeared parallel-transport equation (6.3.2) is obtained by dividing
the time domain into intervals of width ∆t, taking a difference approximation to (6.3.2),
and then taking the limit, in an appropriate sense, as ∆t→ 0.

Consider parallel-transport along n smooth curves σj : t 7→ (t, zj(t)), with j = 1, ..., n.

Let u∆t,ε
j (t) be the solution of the difference equation correspoding to

duεj(t) = −
[
dLεj(t) + dM ε

j (t)
]
uεj(t) (6.4.1)
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We shall denote the (p, q)−entry of the matrix u∆t,ε
j (t) by u∆t,ε

j (t)p,q. The goal is first to

obtain the ‘Chern-Simons expectation values’ 〈u∆t,ε
1 (t)p1,q1 · · ·u∆t,ε

n (t)pn,qn〉CS (and then
let ε → 0 and ∆t → 0). This information is conveniently and compactly contained in the
tensor product

φ∆t,ε
n (t)

def
= 〈u∆t,ε

1 (t)⊗ · · · ⊗ u∆t,ε
n (t)〉CS (6.4.2)

(this is an element of the n−th tensor power of the space of matrices in which G lies).

We note, however, that it is not apparent that the products u∆t,ε
1 (t)p1,q1 · · ·u∆t,ε

n (t)pn,qn
actually lie in the domain (suitably extended) of the distribution ΦFK

CS . A further smearing

of the u∆t,ε
j (t) would lead to a well-defined choice for φ∆t,ε

n (t), but we shall work with the
expression in (6.4.2).

In terms of an orthonormal basis {e1, ..., ed} of g, we may write

Lεj(t) =
∑d
r=1 L

ε,r
j (t)er and M ε

j (t) =
∑d
r=1M

ε,r
j (t)er (6.4.3a)

Now recalling the definitions of Lε and M ε given in (6.3.1a, b), and using the 2−point
functions of ΦFK

CS given in (5.3.2a, b), we have

〈∆Lε,rj (t) ∆Lε,qk (t)〉CS = 0 = 〈∆M ε,r
j (t) ∆M ε,q

k (t)〉CS (6.4.3b)

and

〈∆Lε,rj (t) ∆M ε,q
k (t)〉CS

=
1

2κ
δrq
∫ t+∆t

t

ds

∫
C2

{
z′k(s)

z − w
ψε (z − zj(s))ψε (w − zk(s))

}
dλ(z) dλ(w)

(6.4.3c)
Higher-order products have 〈·〉CS of the order of o(∆t).

From (6.3.2) and the 2−point functions (6.4.3b), and using the locality property (5.2.1)
of ΦFK

CS , we have

φ∆t,ε
n (t+ ∆t)− φ∆t,ε

n (t) =
∑

1≤j 6=k≤n

d∑
r=1

〈∆Lε,rj (t)∆M ε,r
k (t)〉CS Ωrjkφ

∆t,ε
n (t) + o(∆t) (6.4.4a)

where
Ωrjk = I ⊗ · · · ⊗ er︸︷︷︸

j

⊗ · · · ⊗ er︸︷︷︸
k

⊗ · · · ⊗ I (6.4.4b)

with {e1, ..., ed} being, as before, an orthonormal basis of the Lie algebra g.
At this point it will be necessary to assume that the curves σj are distinct and non-

intersecting, in order to avoid certain singularities. Using the 2−point functions given in
(6.4.3b, c) in (6.4.4a), and letting ∆t→ 0 (after dividing by ∆t), we obtain formally

d

dt
φεn(t)

=
1

2κ

 ∑
1≤j,k≤n,j 6=k

{∫
C2

ψε (z − zj(t)) z′k(t)ψε (w − zk(t))

z − w
dλ(z) dλ(w)

}
Ωjk

φεn(t)

(6.4.5)
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wherein

Ωjk =
d∑
r=1

I ⊗ · · · ⊗ er︸︷︷︸
j

⊗ · · · ⊗ er︸︷︷︸
k

⊗ · · · ⊗ I (6.4.6)

and φεn(t) is, formally, 〈uε1(t)⊗ · · · ⊗ uεn(t)〉CS.
Letting ε→ 0, we obtain, upon formally interchanging limit and derivative,

d

dt
φn(t) = − 1

2κ

 ∑
1≤j<k≤n

z′j(t)− z′k(t)

zj(t)− zk(t)
Ωjk

φn(t) (6.4.7)

where φn(t) is, formally, 〈u1(t) ⊗ · · · ⊗ un(t)〉CS. Up to constant factors, (6.4.7) is the
parallel-transport equation of Fröhlich and King (equation (2.7) in [FK]).

In [FK], heuristic arguments are applied to the parallel-transport equation (6.1.3),
treated in the spirit of a stochastic differential equation, to obtain the differential equation
(6.4.7) for 〈u1(t)⊗ · · · ⊗ uk(t)〉CS. The equation (6.4.7) in itself makes rigorous sense, and
is used in [FK] to prove numerous results explicating the relationship of Chern-Simons
theory to knot invariants.
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